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DESIGN MANUAL

for
Self-Acting Gas Lubricated Bearings

for Use in Electrically Driven Blowers

I. INTRODUCTION

This manual is a direct outcome of the requirements
set forth in BuShips Contract NObsr-87522 and is intended
for use in the design of unit type self-acting gas bearings
applicable to electrically driven blowers in the 10 to 500
cfm range. The work of preparing the manual was accomplished
by the Rotron Manufacturing Company with Mr. D. D. Fuller serv-
ing as Consultant on gas bearings.

The information contained in the manual has been assem-
bled utilizing the existing available literature for self-
acting gas lubricated bearings. Insofar as possible, the
data has been verified by additional test data accumulated
at Rotron Manufacturing company.

In its simplist form the construction of a radial, self-
acting gas bearing can be thought of as a plain shaft running
in a very close fitting bore and appears as a relatively simple
problem.However, the clearances between shaft and bore must
be carefully established so as to insure that the two elements
are separated by a gas film during operation. This film carries
the applied load and also acts as a spring with a definite
spring rate. Therefore, besides determining the load carrying
capacity, the problem resolves itself into the determination
of the spring rate and the stability characteristics of the
spring. As we consider the parameters responsible for the

j bearing characteristics, such as the pressure distribution in
the gas film, the viscosity of the gas, and the speed and
dimensional considerations, the complexity of the problem be--
comes more apparent.

Before reviewing the general concepts of gas lubricated
bearings, it would do well to define some of the instabilities
and terminology used in gas bearing design.

Self-Acting Bearing: A non-pressurized bearing that oper-
ates on a self induced gas film. It is generally temed "hydro-
dynamic bearint to distinguish it from the preasurizd "hydro--
static bearing".

I



Attitude-Eccentricity Locus: The path that the center
of the rotating component follows under different load and
speed conditions.

Synchronous Whirl: The orbital motion of the center
of the rotating journal-bearing combinations around the
center of the stationary member in the direction of rotation
at a frequency equal to that of the spin speed. If the amount
of unbalance present is small, it is possible to pass through
this natural frequency by increasing the operating speed of
the unit. At this point the spinning component will shift or
invert from its geometrical center to its mass center or more
specifically to its center of gravity. The speed at which
this occurs is called the "inversion point" critical speed or
alternately the "synchronous resonant whirl" critical speed.

Half-Frequency Whirl: The orbital motion of the center
of the spinning member around the stationary member in the
direction of rotation at a frequency of one-half or less of
the spinning or rotational frequency.

As will become apparent in the design section of the
manual, dimensional control of the clearances in a bearing
and the type of loads the bearing must sustain are generally
the key to successful operation of the bearing once the bear-
ing design is established. This points out the desirability
to design a specific piece of rotating equipment around the
gas bearing in order to maintain the desired control within
the bearing. In the case of electrically driven air moving
devices, bearing location within the motor, electrical unbal-
ance loads, air impeller location and resultant loads should
be optimized in regard to their effect upon bearing perform-
ance to insure reliability of the equipment.

Use of the Gas Bearing Design Manual

Insofar as possible, all curves and formulations con-
tained in this manual have been checked experimentally either
at Rotron or by the experiments conducted by some of the refer-
enced sources contained at the end of this manual. It should
be understood, however, that experiments are conducted under
ideal conditions with known loads generally applied through the
bearing support center. Some variation in calculated results
can be expected from the need to approximate the value of act-
ual loads as well as from the variation in the true clearance
in the bearing caused by taper or out-of-round conditions. It
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is the attempt of this manual to provide the designer
with the latest state-of-the art information on gas bear-
ing design. Some good judgement oh the part of the designer
is required when considering his specific application. If
these considerations are understood the manual should be
a very useful guide for initiation of a gas lubricated
blower design. Verification of the design will necessarily
be accomplished by actual test.

The recommended procedure for utilizing the manual is
to follow the order of presentation of the manual, i.e.:
determine bearing size and load capabilities, and then deter-
mine bearing stability characteristics. An example is given
for each computation to assist the designer in making use of
the information. Included in the manual is a section on
motor magnetic load influences of a two pole alternating
current motor to assist the designer in predicting actual
loads.

I Review of Basic Concepts in Gas Lubricated Bearings

In order to make effective use of this design manual
it is necessary for the designer to understand fully the
basic concepts of gas lubricated bearings. Initially, it
can be stated that a gas lubricated bearing is a type ofbearing that has its running surfaces completely separated
by a film of gas. Even when load is applied to the bearing,

Ithe surfaces are kept out of contact by this gas-film cushion.
As with liquid-lubricated, fluid-film bearings, the gas

film is established by either of two basic actions. The
first is characteristic of self-contained bearings operating
in an open bath of liquid or gas. The relative motion of
the sliding parts themselves, generates a film pressure with-
in the clearance spaces of the bearing and insures separation
of the surfaces and load-carrying capacity. This type of
bearing is called the hydrodynamic (liquid) or self-acting
(gas) bearing.

Figure (1) is an interesting drawing taken from
Drescher (1) and shows schematically this phenomenon of
self-acting pressure generation. An actual pressure traceIfor an experimental journal bearing is shown in Figure (2)

t3



taken from Ford, Harris and Pantall (2). Since the vis-
cosity of a gas is relatively low at room temperature,
about 1/50 of that of water or 1/3500 of that of an SAE
10 petroleum oil, the load-carrying capacity resulting
from this self-generated pressure is likewise relatively
low. If the bearing has to start from rest under a static
load and lift itself off the "ground" so to speak, and be-
come gas borne, unit loads are generally limited to 1 to
2 psi based on the projected area of the bearing. If the
load is applied after rotation has been established the
unit load-carrying capacity may reach a practical maximum
of about 10psi, again based on the projected area of the
bearing, although higher values have been reported in labor-
atory test data. Cole and Kerr (3) list average pressures
as high as 26.5 psi.

With the second basic type of bearing, the externally-
pressurized or hydrostatic bearing, the limitation on load-
carrying capacity no longer exists. In this type of bearing
high pressure gas is supplied to the clearance space in the
bearing and the surfaces are forced apart as a result.
Limits on load-carrying capacity are dependent therefore
only on the practical limits of gas pressure and gas volume
that are conveniently available. Externally-pressurized
gas bearings have been built with unit load-carrying capa-
cities as high as 50 psi. There is, however, no reason
why this figure of 50 psi cannot be exceeded if necessary.
Since these bearings are not dependent on speed for the
generation of pressure they can conveniently establish sepa-
ration of surfaces and carry rated load with no rotation or
sliding. There is always,of course, flow of gas through the
bearing from the high pressure source to the lower ambient
pressure. One of the conditions for successful operation
of the externally-pressurized bearing therefore, requires
that this volume of gas must be constantly supplied. In
some applications where relatively high static loads are
involved, hydrostatic gas may be needed only for starting.
After normal operating conditions have been established the
bearing may then continue to operate as a self-acting bearing.

However, in this manual we will consider only the
self-acting gas-lubricated bearing.

Most of the complications that arise in the analysis
and application of gas-lubricated bearings stem from two
factors, first, the compressibility of the gas and, second,
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Fig. 1 Self-Acting Pressure Generation in a Journal Bearing. (Ref. 1).

the low damping characteristics of the gas film. Some of
the bearing characteristics that result and a number of
the problems associated with these parameters will now be
discussed.

When Harrison published his hydrodynamic analysis of
a gas-lubricated journal bearing in 1913,(4), including the
effect of compressibility, his equations showed the effect
of ambient pressure and led to the establishment of a dimen-
sionless group of variables that seemed to be significant
in describing the performance characteristics of gas bearings.

I For a journal bearing this was:

6VUr or -6- 1 (l)
PaC2 Pa 

(
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Fig. 2 - Experimental Pressure Distribution in a Journal Bearing. 4 x 2 Inch Diameter
Bearing Operated By a Radial Clearance, C =0.00 12 Inch in Air At Atmospheric

Pressure, (Ford, Harris & Pantall, Ref. 2)

With the usual units, v is the absolute viscosity in
reynes (lb.sec/in.2): U is the surface velocity of the jour-
nal (in/see); r is the radius of the journal (in.); Pa is
the absolute ambient pressure (psia)l c is the radial clear-
ance (in.)r and w is the rotational velocity of the journal
(radains/sec.). See Figure (3).

This dimensionless group of variables is designated by
the Greek letter A , (capital lamda), and is termed the
"compressibility bearing parameter". The same symbol A is
used for similar compressibility bearing parameters for
other types of gas-lubricated bearings.
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Fig. 3 - Journal in 3600 Full Bearing.

For a thrust bearing the corresponding dimensionless
group of variables is:

A - - a (2)

I Where 1 is the length of the pad in the direction of
motion (in.), h is the minimum film thickness (in). Other
symbols as defiled above. Please see Figure 4.

For a spiral-grooved thrust plate, A may be describedI by:
A - hP( 

(3)

I
I



where J is the radial dimension of the plate (in): U the
mean surface speed (in/sc)l and h the film thickness (in)

which in this case is a constant. See Figure (5).

UI

Fig. 4.- Schematic Diagram of Slider Thrust Bearing.

4. HERNMe-mohs10 6111OV99 6. SPINAL SAOVES

Fig. 5 - Grooved Thrust Bearings. (Ref. 2).

it has been shown by Ford, Harris and Pantall. (2).
by Ausman *(5), and others that these dimensionless para-
meters designated by A are pertinent gas bearing parameters
which define the state of operation of gas-lubricated bear-
ings in a similar fashion to the Sommerfeld variable a for
bearings operating with liquids or other incompressible
lubricants.
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S ..- (_ ) 2  (4)Pavgc

N' is the journal rotational speed, (reve/sec), pa- is
the average pressure based on the applied load W, avided
by the projected area of the journal, (W/dl), (psi)l d is
the journal diameter (in)y other symbols as before.

The load-carrying capacity of these bearings, as well
as other characteristics, can be expressed as a function of
A . For example, Figure (6) shows a curve for a journal

bearing at a fixed value of eccentricity ratio c, indicat-
ing the general influence of variable ambient pressure.

Ito 00i .. When load is applied to
____0 ___ a journal bearing the shaft

moves to an eccentric posi-
I__ -tion within the bearing

to clearances, Figure (3). The
__eccentricity ratio is a mea-

sure of how much the center

40 _of the shaft 0 displaces
itself from the center of

t o the bearing 0. Eccentri-
city ratio is defined as

o the eccentric distance e
0 3 divided by the radial clear-

VaLUCS OF A ance c. Or,

Rg. 6. bmle bl m Setw ed.refye
Cepdy W end fme *a SAdbp os Lvefttd Je
Benele Speed. vbowl m 1. e .Nd h mai ob "old Can-
,. AmbbeW P Veld. RupOaeADe .e 00

e  (

c c ()I
At light loads and high speeds, with mall unbalance,

the eccentric distance is very close to zero or e approaches
0 and consequently I approaches 0 and the shaft is nearly
concentric with the bearing. At heavier loads and lower
speeds the shaft center becomes more displaced and when
metal-to-metal contact occurs between the shaft and its
bearing the eccentric distance I equals the radial clear-
ance c and the eccentricity ratio I is then 1. The limits
on the magnitude of eccentricity ratio are therefore be-
tween zero and 1.

I
I



1
From a consideration of the variables included in A,

one can gain an understanding of the pertinent parameters
that influence the performance of self-acting, gas-lubri-
cated bearings. The ambient pressure enters the analysis
since the bearing acts as a pump and like all pumps, the
ratio of its discharge pressure to supply pressure is
limited. Thus a reduced ambient pressure and density
around the bearing will result in a lower maximum pressure
in the film. Naturally this means less load-carrying cap-
acity.

Speed is also a factor in gas-lubricated bearings as
it is in liquid-lubricated bearings but there is one dis-
tict difference. In the liquid-lubricated bearing the load
capacity continues to rise directly as the speed increases,
with no limit, assuming constant viscosity of the lubricant.
with a gas bearing, however, although the load capacity does
increase with speed, the rate of increase falls off at high
speed due to compressibility effects, and the load-carrying
capacity approaches a limiting value. At extreme speeds
the load-carrying capacity becomes independent of viscosity
and speed and is only a function of the ambient pressure
surrounding the bearing. Figure (7) is from Pantall and
Robinson, taken from (6).

In general, dimen-
sionless plots of load-
carrying parameter W,
against A for various
values of eccentricity
ratio may be shown as

0in Figure (8). taken
from (2). Design curves
of this type are in-
cluded in the design sec-
tion of this m.i.ual.

SPUD

Fig. 7 - Load Carrying Capacity of Self-Acting Gas-Lubricated Journal Bearing
As influenced By Speed. (From Pantall and Robinso, Ref. 6)
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Fig. 8 -Generalized Experimental Correlation of Dimensionless Load Parameter
W WI vs A , for 1/&d= 2 . Departure from Straight Line Relationship When A :>11

Showing Compressibility Effect. (Ford, Harris & Pantall, Ref 2).

I It will be noticed that for A greater than one, the

plot no longer yields a straight line relationship. The

deito from the stagtline indicates the point at

which cmpresibility effects begin to exert their influence

it is generally agreed, that for journal bearings, the com-
Spressibility and variable density inlecsare negligible

an far an load-carrying capacity is concerned for values of

A somewhat below I and the classical theory for incompress-
l ible lubricants may be used, if desired, without incurring

a significant error.

I This do*@ not apply to attitude angle however, (angle

S€

of Fig.3), and this will be discussed in the design section.

I Another point must be mad* regarding ambient pressures

in the very low ranqo, approaching those of a vacum. The
present theory of gas-lubricated bearings assumes that the

gas can be considered an a continuous fluid. This assump-

tion is no longer valid at very low pressures where the
i molecular meon free path of the gas becomes comparable in

-I
9l



magnitude to the film thickness in the bearing. When
this happens, effects occur which can no longer be ex-
plained by continuum flow theory. Slip occurs at the
boundary between the bearing surface and the gas. There-
fore, instead of assuming vanishing velocities at the
walls, slip velocities must be introduced. This has been
done by Burgdorfer, (7).

If the ratio of minimum film thickness to mean free
path is called n, it can be shown that for values of n
less than 100 a noticeable effect on bearing pressure and
load-carrying capacity may be expected. A typical graph
is shown in Figure (9) from (7). This graph happens to be
for a slider bearing. A similar condition would exist for
a journal bearing.

Typical values of mean free path at atmospheric pres-
sure, are:

Hydrogen 4.43 x 10-6 inches
Helium 7.32 x I0-6 inches
Air 2.52 x 10-6 inches
Neon 5.20 x 10-6 inches

Thus for n - 100 for air at atmospheric pressure, the
film thickness at the entrance to a tilting pad bearing
would be of the order of 2.52 x 10- 4 inches (0.000252 inch).

Such values are not uncommon for self-acting bearings,
even at atmospheric pressure. For low ambient pressures
the effect would be even more marked and should be considered
in any analysis and design for these operating conditions.
This can be illustrated by a table (Table I) taken from (7)
where the ratio of radial clearance to molecular mean free
path was computed for a number of cases as reported by Wild-
mann, (8). It can be seen because of either the very mall
radial clearances in these journal bearings or because of
the low ambient pressure, the value of this ratio in all cases
is less than 100.

Another and different series of problems is associated
with gas-lubricated bearings because of the low damping pro-
porties of the gas films. Because of this characteristic,
certain dynamic instabilities need to be anticipated and con-
trolled with machinery operating on gas-lubricated bearings.

12
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Fig. 9 - Pressure Distribution for Compressible Fluids Along a Straight
ISlider Bearing. (Ref. 7)

With liquid-lubricated bearings these might have been
suppressed or they might have passed by unnoticed be-
cause of the greater damping action of liquids. With
gas-lubricated bearings, however, these possible insta-
bilities must be investigated, and in most cases design
modifications can be made to avoid them or at least to
mitigate their action.

The various types of these dynamic behavior character-
istics will be described and analyzed in the design section

of this report. The most important instabilities are half-

frequency whirl and synchronous whirl.I -n,

NmleMU antio a Msal
amble" ns r CI~800o 0

Usual Clear. Preemr bimt Path NOlU"loMr MWE
am. 3. laicro_-La&) Eama ans (fim-cbh) Ure Path

1 130 14.7 Air 2.12 52.3
2 210 14.7 Aft 2.52 43.5
2 72 14.7 Air 2.12 3.6
5129 14.7 Air 2.12 52.5

131 4 Air 9.24 14.5139 14.7 MIalJim 7.32 10.5
13S 3 moum 3S.t" 3.765 139 14.7 slo= .20 25.6

I
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I. DESIGN OF GAS-LUBRICATED JOURNAL BEARINGS

IA. Load-Carrying Capacity with Static, Uni-Directional Loads

A typical journal bearing is shown in Figure (3). Thisfis a schematic view with a greatly exaggerated clearance,
running at some angular speed under the action of a load W.
When starting, with solid contact between the shaft and the
bearing at a point directly under the load, the shaft will
start to run up the right side of the bearing. After rising
a few degrees of arc it will enter a region where the gas
comes between the bearing and the journal. Slip will begin.
Then as the journal comes up to speed it will revolve faster
and faster and build up a wedge-shaped film, which will then
place the journal in the position shown in Figure (3).

A polar diagram of film pressures is shown in Figure (3)
representing the positive film pressures in the loaded zone
of the bearing. There will be negative pressures (below
ambient pressure) in the unloaded zone of the bearing which
will also contribute to the load-carrying capacity. These are
not shown in Figure (3).

IIn general, the pressure generation in the clearance of
a journal bearing is described for liquid lubricants by theg Reynolds' equation, Ref.(9),

I. + ['a - 6 Uh] (6)

where p is the pressure at any point in the film
h is the film thickness at any circumferential

location
Pa is the absolute viscosity
U is the surface speed of the journal
x is the coordinate in the circumferential

direction
Z is the coordinate in the axial directionplease

see Figure (10)

I For a gas, the compressibility has to be included. This is

represented by the mass dasity being a variable rather than
a constant as with the liquid case so that the characteris-
tic equation becomes, Refs. (10) and (11),

15



a poh'. a h JPh3 -6 2 h 7
ax uaxJ O+ 1A a--J6U5

3  f 7

where P is the mass density of the gas.

x

•Fig. 10- Coordinate System for Journal Bearing.

General Solution for Load Capacity

Exact solutions for Equations (6) and (7) cannot be
obtained so that approximate methods have been used to devel-
op design information. The best of these solutions have re-
sulted from the application of digital computer techniques.
The work of Elrod and Malanoski (12) and (13), Elrod and Burg-
dorfer (10), Raimondi (14), Hays (15) and Gross (11) will now
be presented as a general design approach to 3600 journal bear-
ings.

Figures (11) through (15) show the load-carrying para-
meter, W/dlPa, plotted against the compressibility bearing
parameter, A, for various values of eccentricity ratio, c.

W is the applied load, pounds
d is the journal diameter, inahes
1 is the journal length, inches

Pa is the nobient pressure, psia
A is defined by Equation (1)
9 is defined by Equation (5)

16



On each sheet is included the table of data from which the
particular figure was drawn. There is one figure for each
l/d ratio.

17
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TABLE 11

ICompressibility Parameter
v.

Load Parameter for l/d of infinity

A W/dlPa c A W/dlPa
0.1 0 0 0.6 00

0.3 0.05 0.5418 0.4518
0.6 0.09 1.460 0.9967
0.732 0.1 3.643 1.440
1.8 0.14 7.781 1.581
3.0 0.15 * 1.6349
6.0 0.155
12.0 0.156

0.2 0 0 0.8 0 0
0.962 0.2207 0.2052 0.3039
1.979 0.2914 0.6348 0.9537
4.012 0.3214 2.379 2."7
8.058 0.3302 6.256 3.379

OD 0.3335 a 3.6652

0.4 0 0 0.9 0 0
0.8209 0.4156 0.0715 0.1708
1.859 0.6367 0.2221 0.5933
3.976 0.7534 1.017 2.298
8.110 0.7869 4.246 5.461

I 0.7966 6.7234

I

I
I
I
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Fig. 12 - Theoretical Load-Carrying Parameter vs Compressibility Parameter

for Full Journal Bearing for 1/d=TW (Ref. 11).
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Compressibility Parameter

vs
Load Parameter for 1/d -

c A W/dIPa c A W/dlPa

I 0.2 0 0 0.6 0 0
0.5 0.1027 0.5 0.349
2.0 0.2438 2.0 0.969
6.0 0.3001 6.0 1.411
10.0 0.310 10.0 1.49

f 0.3337 30.0 1.557

0.4 0 0 
m 1.625

0.5 0.203 0.8 0 0
2.0 0.564 0.5 0.639
6.0 0.822 2.0 1.880
10.0 0.866 6.0 3.016
30.0 0.9045 10.0 3.257
" 0.944 3.66

21
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TABLE IV

jCompressibility Parameter
vs

Load Parameter for 1/d - 2

c A W/dlPa c A W/dlPp

0.1 0 0 0.4 0 0
0.24 0.0194 0.24 0.0831
0.6 0.0462 0.6 0.197
1.2 0.0794 1.2 0.343
3.0 0.120 3.0 0.561
6.0 0.136 6.0 0.664
f 0.1594 f 0.7966

0.2 0 0 0.6 0 0
0.24 0.0393 0.24 0.141
0.6 0.0933 0.6 0.335
1.2 0.161 1.2 0.595
3.0 0.248 3.0 1.04
6.0 0.283 6.0 1.30I 0.3335 a 1.6349

0.8 0 0
0.06 0.0641
0.24 0.266
0.6 0.645
1.2 1.16
3.0 2.14
6.0 2.82g 3.6652

I
I
I
I
I

j 23
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Full Journal Bearing for 1/d=] (Ref. 14)
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TABLE V

Compreasiblity Parmseter
va

Load Parameter for 1/d - 1

c A W/dlPa  c A W/dlPa

0.1 0 0 0.4 0 0
0.24 0.00902 0.24 0.0413
0.6 0.0223 0.6 0.101
1.2 0.0429 1.2 0.192
3.0 0.0862 3.0 0.386
6.0 0.116 6.0 0.545
12.0 0.131 12.0 0.643
- 0.1594 - 0.7966

0.2 0 0 0.6 0 0
0.24 0.0186 0.24 0.0770
0.6 0.0457 0.6 0.188
1.2 0.0875 1.2 0.355
3.0 0.176 3.0 0.720
6.0 0.238 6.0 1.047
12.0 0.273 12.0 1.280

- 0.3335 1.6349

0.8 0 0
0.06 0.0404
0.24 0.171
0.6 0.428
1.2 0.783

3.0 1.555
6.0 2.276
12.0 2.835

- 3.6652
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TABLE VI

j Comprssibility Parameter
v8

Load Parmeter for l/d -

I c A i#P a  c A W/diPa

0.1 0 0 0.4 0 0
0.24 0.00288 0.24 0.0141

0.6 0.00719 0.6 0.0350
1.2 0.0143 1.2 0.0693
3.0 0.0348 3.0 0.163
6.0 0.0634 6.0 0.288

12.0 0.0974 12.0 0.449
24.0 0.122 24.0 0.587

- 0.1594 a 0.7966

0.2 0 0 0.6 0 0
0.24 0.00599 0.24 0.0290
0.6 0.0149 0.6 0.0721
1.2 0.0297 1.2 0.141
3.0 0.0717 3.0 0.325
6.0 0.129 6.0 0.560

12.0 0.199 12.0 0.873
24.0 0.252 24.0 1.163
i 0.3335 f 1.6349

0.8 0 0

0.06 0.0184
0.24 0.0768

0.6 0.201
1.2 0.391
3.0 0.834
6.0 1.342

12.0 1.991
24.0 2.602I - 3.6652

I
I
I
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Before proceeding with an example we will need
some viscotiy data for air. It should be understood
that knowing the viscosity, the solutions presented in
this report are applicable to other gases as well as air.
Table VII is a summation of data from References (16) and
(17).

TABLE VII

Viscosity Data for Air
Absolute Viscosity in Reyns (lb.sec/in2 )x 10

Pressure psia- 14.7 294 735 1000
Tem . OF

70 2.65 2.75 2.88 2.95
122 2.86 2.895 2.962 3.02
212 3.18 3.205 3.24 3.275
302 3.465 3.48 3.50 3.52

Thus the vl4scosity of air at 70°F and 14.7 psia is
2.65 x 10 reyns.

Figure (16) is a plot of the viscosity data from Table VII.

UI MVII.t-

- -

U EXAMPLI;: Air ot ?oeF end 14.? PUIA
11" a Wisfasity o 2.6S a loi s

PRESSUME (PSIA)

Fig. 16 - Absolute Viscosity of Air. (Refs. (16) and (17).
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AiEMNis lead aei ~ti fee Uauia with A - .t .
wo wishd to determine the oerating onsmtcieity ratio id misi-
m film thieaa for a Joural bearing with the folloing oei-
fieatimes

ster wight 0.118 l.4far i boarLm)
MPG"i 24.000 INS
Ambient PrGaasb 14.7 pet

hurileati g Fluid Air
Dcimt lngth .s

bearing Diameter 0. so-i..

smauiay Raial Clearace 0.00025 La.

nauing calcmlatinaa,

**2.64 x 10
" 

roys. Pig. (16)

1w. i - 2513 r.an/r.

r - 0.5 asmh

a . 4.7 Pat

c - 0.0002S larha.

~matro A. hh .- f~..U:, 4a,,. ),
out 1000 - 10

A 2.75

4.0

d O.5*
- Radial Cieorem .0.00266

Spee 4,00 RPM
LuWimot: Air

P% a 14.? PSIA
ROter Weight a O.I1 LO.

2.5

- /-

0 OJ Ct OW Q4 OLS 04 0.7

ECCENTRICITY RATIOf

Fig. 17 - Theowetkol Lood-Corrying Copacity 3600 Journal Bearing
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For l/d - 1, ad A - 3.75. in Figure (14) we way be able to esta-
blish the operating e etricity ratio. once we have evaluatd
u/dIPe •

W - 0.116 lb.

41P-, 0.5 a 0.S x 14.7 - 3.675 lb.

Then a 0.11S/3.675 - 0.0321

Then in figure (14) with W/diP. - 0.0331 and A 2 2.75 we
find that the operating 9 has a value of smeere betwe

. 0.1 and 9 - 0. Probebly a value of I - 0.05 s abiut ea
cloae as It em be estimated.

The .1.1mm film thickness is then. free Figure (3)

he - c I1-0 (0)

- 0.00025 11-0.051

- 0.00025 a 0.95

- 0.0002375

h o - 0.00024 inches

This bearing would need to be checked for at least half-frequency
whirl stability and for the possibility of synchronous vibration
before the design would be considered an complete. (See appropri-
ate sections in manual). If the bearing were subjected to a range

of steady-state loads, as for example if the unit were being sub-
jected to a wide acceleration spectrum, then the performance pattern
could be calculated by assuming different values of W/dlPa, for the
same speed and ambient pressure conditions. Thus, in this case
A - a constant of value 2.75

Assumed Acceleration W(lb) W/dlP
Condition, "a's" Resultant a

1 0.118 0.0321 0.05
2 0.236 0.0642 0.075
3 0.354 0.0816 0.1
4 0.472 0.1285 0.15
5 0.590 0.1605 0.2
6 0.708 0.1927 0.24
7 0.8255 0.2245 0.29
8 0.944 0.257 0.31
9 1.061 0.289 0.35

10 1.18 0.321 0.37
20 2.36 0.642 0.58

30 3.54 0.963 0.69

These results are plotted in Figure (17).
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Journal Bearing Solutions for Low Values of A

It can be observed in Figures (11) through (15) that

for low values of A ,much below a value of one, the prob-
abl acuayta a eotie from the use of these

figresin onsderblyredced Ithasalso been shown
by Ford, Harris and Pantall (2), (Figure 8) that for jour-
nal bearings the compressibility and variable density in-I fluences are negligible as far as load-carrying capacity is
concerned for values of A somewhat below one and the classi-
cal theory for incompressible lubricants may be used.

This has also been shown very clearly by Raimondi (14)

I and Figure (18) is reproduced from his paper.

FLUD SOLUTIOIS

Ii 1A*
COI2SMLT COPRAWIULS

A. LIOV £-I

FWg 18 - Discrepancy In Load Capacity Between Theories Based On 1ncopressieI and Comsbe Lubricant. (Ref. 14).

For convenience therefore, and in some instances for
increased accuracy, a solution based on incompressible lub-
ricants may be used. one of the best of these is due to
Hays, Ref. (15). His solution is based on the use of the
Soomerfeld variable, S. Equation (4). For the case of A. 0,I we have the following relationships between c, I/&, and 1/d
ratios

1 31



TABLE VIII

Values of 1/s vs C. From Hays (15)
A 0

1/d c-0.05 c-0.1 c-0.2 c-0.4 c-0.6 c-0.8 ¢"0.9

0.1 - 0.01 0.042 0.102 0.228 0.710 6.5
0.2 - 0.065 0.165 0.398 0.882 2.625 9.5
0.3 - 0.17 0.363 0.870 1.885 5.305 14.2
0.4 0.15 0.3 0.625 1.485 3.14 8.352 19.0

0.6 0.25 0.55 1.30 3.019 6.08 14.60 25.5
0.8 0.42 0.9 2.09 4.755 9.18 20.31 31.0
1.0 0.65 1.3 2.92 6.513 12.16 25.25 39.0
1.25 0.9 1.75 3.91 8.56 15.46 30.35 48.0

2.50 1.65 3.4 7.25 15.17 25.33 44.0 59.0
5.0 2.25 4.65 9.52 19.49 31.42 51.85 66.0
10.0 2.95 5.5 10.69 21.69 34.50 55.80 71.0

From Equation (4),

im .5 Cag (9)
S Nor

Converting N' P

1 W/dL1 2 c 2
ve have So " (j)

multiplying by 6 and A we have
Pa

1 W/dl 2w(2)2  6 xPa
V mW r 6 Pa

1 !a ._c2  1-n--)t x-x 12,
ON11 r dlP a

1 x W 12' where W' -
8 A dlPa
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1 12 W'*
or S - A (10)

This provides the relationship between the Somerfeld num-
ber S and the compressibility parameter A.(for low values

j of A)

Data from Table VIII are plotted in Figure (19) and
Ithe lower left hand corner of Figure (19) is expanded in

Figure (20) to permit more accurate evaluation at very low
values of eccentricity ratio e.

I knl L Let us Compute the load-carrying capacity of a
gas-lobricated journal bearing for which A is loss than one. Air
at 70 r and 14.7 paL i to be used.

50 2.65 x 10 9 
from Fig. 16

a 3.75 in.1.- 0.00025 in.

II-4 ouacoeVPavW -- 0.89 pal
U- 61.9 in/sec.

r: 0.375/2 a 0.187S in.
1 14.7 pal&

Compute value of A FTo Dquatic. (1).

- 6x2.65x10" 61.9 z 019875

(0.00025)' x 14.7

£ .0.201

Now the l/d ratio is 0.75/0.37S - 2.

r Use first Figure (13) which inoludee the effect of co-pqroibility mad for a given A and WI P a find a.

- 0.375XI4.7 a 0.004

Them frm Figure (13). 9 a 0.4

I the minimm film t' iameee. 2"atiom (a), is

h e -si

- 0.0025 (1-.4

a GAOO00S z 0.6

I a - 0.00015 Isa.

I
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next us the Nays solution for incopressible lubricants

Corresponding to A-O. Vroa Nquation (9)

9,1 (°*0025125£-k -1)2 .07

A - 11.37
a1

novIn Figure (19), vith 1/3 a 11.37 and 1/d a 2, we find that

€ m 0.4. which Is the am* as calculated above frm Figure (13).

Incidentally, the alternate form of 1/8 from aquatic. (10)
yields !

"PC' where 1 , N -060604 froo above.

• er f re 12x v x 0 0604 dip

herefore 0.01

11.35 the ame result an fra Sq. (9).

ALIEmLta Auman. .ef.(10). cite. experiental data fra
a number of sources. The first Is given, below fram scheinberg.
Data are for an l/d ratio of 1.1 and A - 2.5.

Calculated Calculated Calculated
mxperLmental 9 9 a

W/diP0  a (l/d-1) (1/d-2) by Interpolation

0.35 0.33 0.4 0.3 0.39
0.585 0.5 0.58 0.44 0.57
0.82 0.62 0.66 0.56 0.65
1.12 0.72 0.75 0.65 0.74

The agrement in quite satisfactory.

Alo fro (18) we have data fram Iterlicht and NIell for

A - 1.3 mad l/d - 1.58

Calculated Calculated Calculated
axper uanetal a a

W/dir, a (/de) (/42) by Interpolation

0.11 0.15 0.25 0.15 0.2
0.26 0.39 0.47 0.32 0.395
0.4 0.15 0.62 0.43 0.525
0.5 0.65 0." 0.51 0.595
0.60 0.02 0.76 0.63 0.695
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Now repeat these last oalculations of a using Figure (19) and the
approach based an Lnoacpressible lubrLcants even though A is 1.3
and Ls higher than the recimended limit of one.

Calculated Noperimental
V/dlla I vL. 19 a

0.11 3.10 0.14 0.15
0.26 7.54 0.32 0.39
0.4 11.6 0.46 0.55
0.5 14.5 0.53 0.65
0.60 19.7 0.63 0.82

Agrement is only fMir, especially at higher values of s.

Moment-Carrying .Capacity of Journal Bearing (Over-
hung Static Load)

To estimate the moment-carrying capacity of a full
journal bearing we may use the analysis of Ausman (18).
There is little experimental verification of these pre-
dictions. However, the results may be used to show what
bearing variables are significant in producing a moment-
carrying characteristic.

Figure (21) is reproduced from Ausman's paper. In it
is plotted a dimensionless parameter H, against another
dimensionless parameter which we can call K. This is done
for various values of 1/d ratio of the bearing.

H - 61swr 2  (11)

j kaPac

___ 2cM 13

_-_ - - "kaar 6 (12)

ka -coefficient of
sli t polytropic expan-

sion of gaseous
lubricant which for

Fig. 22 - Schematic Representation of our purposes is iso-
Journal Bearing Sustaining thermal air so that
An Applied Moment, M. k a - 1.0

N - moment applied to the bearing (in.lbs)

6 - misalignment angle or angular displace-
ment of journal (see Fig.22) radians

Other variables as before.
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EXUWIO 4' Consider a journal bearing with the following
specifications,

I - 1-1/0 in.
d - 0.375 in.
V - 1.63 oz.
: : 3150 PrM

- 14.7 psia
2.65 x 10"  (Air at 14.7 psia & 700)'

Substitute in Uquation (11) for x,
2

S3150 °' 2
6x2.65 x 10-9[1 j

x 
2, z[-P

" .0x14.7 x 0.0003752

a 0.0093

From Figure (21) we use a linear interpolation for low values of H.

Now X is given as Iquation (12), solving
for Nwe he

r k~e

0.0267 ,. x.005 x 1

-0.0267x 9. 1 75125xI

H N 73.44

Thus the moment depends upon the permissible angular Misalign-
ment £ betemen the central axis of the journal and the central axis
of the bearing. one aom look at the situation in either of two ways,
by considering the I that would result from the application of a
known moment N. or estimate the maximum angular displac4ment that
might be tolerated and interpret this in tms of a muimom allowable
moment that might be applied to the journal bearing.

Per this axample let us use the latter approach. For the
coenmt'ric position of the Journal In its bearing the film thick-
moo at point S. Figure (22).will be equal to the radial clearance
a. or 0.000375 inches. Ws might them aemme a deflection as sbown
with a minimun film thickness at point A, Figure (22).) o; 0.00005 in.
and a maximm film thickness at point C of 0.00070 inches.

The total length of the bearing is 1-1/S in. se that the angleJ to be uaed becomes

tan 4 - .12S

tah 4 - 0.000578 or very cloely.

I - 0.00057 radians

now substituting in the equation.

N -, 73.40

N - 72.4 x 0.000578

N * 0.0424 inch lbs.

I
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B. Evaluation of Friction in Full Journal Bearings

Of interest in some designs is the power loss in the
bearing due to friction resulting from the viscous drag
effects of the gas. In gas bearings the friction is de-
scribed from the friction factor cf which is defined as
followst Mj

c 2wUr 1 (13)
cfrn c

where Mt is the friction moment in inch pounds, other sym-
bols the same as before.

The friction moment being considered arises from the
hydrodynamic film forces acting on the journal of a bear-
ing during steady state operation, designated M4 As evi-
denced on Figure (23), when a load WA is applied through
the center of the bearing 0, the reaction load W (which is
equal and opposite to WA) occurs at the journal center 0'
creating a moment equal to WOO' sin #. If the lubricant

film in the bearing clearance space is considered a free
body, then the friction moment of the journal acting on
the lubricant film will be M4 and the friction moment of
the bearing will be Mb . Su;Aing up the clockwise and
counterclockwise moments we havet

Mb +WOO' sin M =

from Equation (5) 00 c Mj Mb + W cc sin *

It should be noted that the
journal friction is greater than
the bearing friction if friction
measurements are being made through
the bearing. Of consideration also
is the fact that the journal fric-
tion varies with the angle *,wikich
is called the attitude angle of the
bearing or simply attitude, as well

qas with the eccentricity ratio c.

Fig. 23 - Relationddp Between
Bearing Friction Torque and
Journal Friction Torque (9).
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The friction loss of a 3600 Journal bearing is rather
independent of A at values of 9 up to about 0.5. This
means that for low c the values of friction as obtained for
the case of incompressible lubricants (A 4 0) may be used.
This can be seen graphically for example in Figure (24)
which is reproduced from Ref. (12) for the infinitely long
bearing.

Table IX is a compilation of data for the infinitely
long bearing for all values of A up to 8. Values for A - 0
were obtained from References (15). (14). and (9).

TABLE IX

Friction Factors for Full Bearings of Infinite Length

C A c;

0.0 0 1.0
0.2 0 1.09
0.4 0 1.33
0.6 0 1.82
0.8 0 2.87
0.9 0 4.30

0.2 0.9622 1.0518
0.4 0.8209 1.2346
0.6 0.5418 1.6536
0.8 0.2052 2.6722
0.9 0.0715 4.0505

0.2 1.979 1.0331
0.4 1.859 1.1528
0.6 1.460 1.4501
0.8 0.6348 2.3268
0.9 0.2221 3.6303

0.2 4.012 1.0242
0.4 3.976 1.1090

0.6 3.643 1.3090
0.8 2.379 1.8987
0.9 1.017 2.9412

0.2 8.058 1.0214

0.4 8.110 1.0956
0.6 7.781 1.2648
0.8 6.256 1.7220
0.9 4.246 2.4733
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For bearings of finite length a correction must be
applied to the value of c! as obtained from Table IX and
Figure (24). The value of the correction, although cal-
culated for the case where A - 0, may also be applied to
bearings with values of A up to about 6. A graph of such
correction factors im shown in Figure (25). The data for
this graph were obtained from Ref. (15). cf is the friction
factor for the journal bearing of finite length.

Raimondi (14) also shows the influence of compressi-
bility effects on the friction of finite journal bearings.

In summary, the following rules may be used to obtain
values of the friction factor:

1. For 0 1 A 1 6 use Elrod's values of c;. Fig. 24,
corrected for l/d ratio from Hays' Figure 25.

2. For 6 L 12 use cf c; from Fig. 24. No cor-
rection for 1/d ratio being required.

• I1

3. For A - 12 use cf - (Ref. 13).
S1-C'

lmjxne 5t suppose we consider the bearing of Example 1.

A - 2.75. l/d - 1. - 0.05

From Figure (24), c? - 1.0
Cf

From Figure (25). the correction factor - - 1.0. No correction at
low values of 6.

Therefore, cf - 1.0 x cf

Cf - 1.0

Then from Equation (13)

Cf - iig'ic

2wvUr 2 lc.,
or Mj- c (14)

For this example, 0 - 2.68 x 10-9 reyne
U-- 2510 rads/sec x 0.25 in.lb.- 627.5 in/sec.
r - 0.25 in.
1 - 0.50 in.
c - 0.00025 in.
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I
substituting in squation (14).

2,x 2.6fttO'zx6;t0.25 2 xO. 50u.O
0.00025

I2x 0.28xO.6275x0.0625O. S
io- 25

X- a 0.00132 lnch lb..friction torque.

Or translated into horsepower at a speed of 24.000 UM,

kmv=. 2vx.00132x24.0001 V.'1" "33,000 12 x 33.000

I it is always possible to get a good, order-of-magnitude
check on the friction in a Journal bearing by using Newton's
definition of absolute viscosity. As shown in Reference (9)
Equation (6), page 8,

= (15)

I I - absolute vi osity in reyns
(lbs. am/i 2

A - the swept area, 2rl(in)
U - the surface speed of the journalI (in/sec)
h - the radial film thickness which is c

I Thus using the parameters from xplo 5,

I 2.68xl0- 9x2z,2.5M.2z627.5
I K - 0.00132 inch lb. friction torque

in this case the answer is identical to the previous result ob-
tained for 3xmple 5 sine* the only difference between squations
15 and 16 is the absence of the c factor from Equation (15). Thus
when cf .1, both equations yield fhe same result.

I
I 45



C. Attitude Angle in Full Gas-Lubricated Journal Bearings

It is clear from the discussions outlined in the intro-
duction that the journal center does not coincide with the
bearing center under steady operating conditions. There is
actually a locus of points that the journal center will fol-
low depending upon the bearing geometry. Figure (26) shows
a typical locus of motion of the center of a journal in the
clearance of a self-acting journal bearing. The angle * is
the attitude angle formed between the direction of applied
load and the line joining the bearing and shaft centers.
This angle is shown in Figures (23), (26) and (27) and is of
importance in establishing both the mathematical and physi-
cal criteria for stability in hydrodynamic (self-acting)
journal bearings.

w

. 0.0
Fig. 26 - Typical Attitude - Eccentricity

Locus for the Motion of the Center of a
Journal in the Clearance of Fig. 27 WA

a Self-Acting Bearing. - Attitude Relptionhips for Journal Bearing.

To determine the parameters affecting attitude angle
it is necessary to examine the hydrodynamic pressure profile
in the bearing. In Figure (27) an applied load WA is sub-
jected to the bearing through the bearing center 0, and the
reactive load is taken at the journal center 0'. The result-
ant film force W has a component along the line of centers
00' equal to W cos *.
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The hydrodynamic pressure at any point in the film
is a variable, p, a function of speed, viscosity, clearance,

Iangular position in the clearance, eccentricity ratio, etc.
W coo * is then opposed by that component of the pres-

sure film force acting along the line of centers 00,.

W cos - ep cos 0 r 1 dO (16)

And in the same way for the component of the result-
and film force W perpendicular to the line of centers 001,
we have,

W sin 4 - - p sin 0 r 1 d (17)

For purposes of this explanation sideflow or varia-Ition of p in the axial direction is neglected.

Dividing Equation (17) by Equation (16) yields,

-p sin r 1 d
Wsin6 . -tan (18)
Wcos 0r d

I or in general, tan * is a function only of eccentricity
ratio c . This function is unique for any particular bear-
ing. For example, with a liquid lubricated journal bearing,
assuming a pressure arc of 1800, (Ref. 19),

tan 4- -i (19)

Evaluating Equation (19) we have Table X.

I
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TABLE X

Attitude Angles for Liquid Lubricated. 1800 Journal Brq.

C tan $ $ degrees

0 0o 90
0.1 15.65 86.35
0.2 7.70 82.6
0.3 5.0 78.7
0.4 3.6 74.5
0.5 2.72 69.8
0.6 2.095 64.5
0.8 1.18 49.7
0.9 0.762 37.3
0.95 0.517 27.35
0.98 0.319 17.7

When plotted on polar coordinates as shown in Figure
(28), the resultant curve is known as an attitude-eccen-
tricity locus and represents the path along which the center
of the journal will always traverse.

C

ID O5 0.6 CQ4 02 0 In a similar fashion, the
9W attitude angles for certain gas

lubricated bearings have been
eW 0 calculated including the compressi-

bility effects of the gas. Thus
04 the attitude angles for gas-lubri-
0.6 cated bearings become a function

Wof A as well as c. Figure (29)
4W o shows attitude angle patterns for

o. full, gas-lubricated journal bear-
I. ings as found in Ref. (14). Notice

the effect of A on these locii.
Rg. 28 - Affitude-Eccentricity Locus These diagram are similar to Fig-
for Liquid-Lubricated, ure (28) where the eccentricity
180 Jounmal bearing. ratio,c - 1, is replaced by the

radial clearance.
For quantitative evaluation of these angles, charts from Elrod,
Ref. (13), are used since they cover a greater range of A
values with higher accuracy and also include one additional
1/d ratio. Tables of these values are also included.
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amlkAj with a bowr-
-U -. AOInv havi a 1/d ratio of

Ago I and a value of a- 0.6.
the folloving attitude

w  angles are obtained froo
WWFigure (33) or Table XZVs

A-,O Ana A..
0 g0°

0.1 05

(0) L/D o (b) L/O. 0.2 79
0.4 69

0 *A M0.6 62
A.O U ASO 1.0 52

4.0 25
8 0.0 15

20.0 S
60.0 3.9

MeO A eo 100.00 2.7

The dependency of atti-
tud. angle * an A is

(a) /0. (d) ./b. •/a o-vioq,.

Fig. 29 - Attitude-Eccentricity Locus Diagrams

for Full, Gas-Lubricated Journal Bearings. (Ref. 14).

It can be seen in these figures that considerable dif-
ference exists in the attitude angle between fluid theory
for incompressible lubricants (A^O) and fluid theory for com-
pressible lubricants, even for very small values of the com-
pressibility parmeter (or bearing number)A. This is not like
the case for load-carrying capacity where there is little dif-
ference in predicted values between liquids and gaseous lubri-
cants up to a value of A about one.

For gas-lubricated bearings the value of the attitude
angle 0 must always be determined through Figures (30) to (34)
by means of the compressibility parameter.A.
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TABLE XII

Attitude Angle.# (de.) for 1/d = I

A C€0 c-0.2 0.4 0.6 0.8

0 90 90 90 90 90
0.1 85.58 - .

0.24 79.50 .- -

0.5 68.95 67.58 64.13 55.80 38.43
1 52.76 - - -

2 34.35 33.43 31.87 27.43 19.40
6 14.75 14.20 13.45 11.72 8.77

10 9.87 9.42 8.80 7.57 5.65
20 5.82 5.86 5.32 4.49 3.28
24 5.09 5.08 4.59 3.84 2.78
30 4.32 4.29 3.84 3.19 2.28
40 3.52 3.46 3.08 2.52 1.77
50 3.01 2.94 2.60 2.10 1.46
60 2.65 2.58 2.27 1.82 1.25
70 2.39 2.32 2.03 1.62 1.10
80 2.18 2.11 1.84 1.46 0.98
90 2.02 1.95 1.69 1.34 0.89

100 1.88 1.82 1.57 1.23 0.82
0 0 0 0 0
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TABLE XIII

Attitude Angle. #(deq.) for 11d -2

A C-o0 c 0.2  0.4 0.6 0.8

0 90 90 90 90 90
0.06 - - - 76.56
0.1 86.55 - - - -

0.24 81.77 81.28 78.80 71.94 52.48
0.6 70.17 68.98 64.47 54.58 36.37
1.2 54.46 53.22 48.63 39.99 26.60
3 30.58 29.94 27.47 22.92 15.94
6 18.26 17.74 16.10 13.43 9.370

12 11.00 11.33 10.20 8.486 6.068
24 6.745 6.715 5.907 4.750 3.254

30 5.794 5.720 4.998 3.976 2.687
40 4.780 4.675 4.050 3.180 2.110
50 4.130 4.014 3.456 2.686 1.757
60 3.671 3.552 3.042 2.346 1.518
70 3.327 3.208 2.737 2.097 1.343
80 3.059 2.940 2.501 1.905 1.210
90 2.842 2.726 2.311 1.752 1.105

100 2.662 2.548 2.155 1.627 1.019
m 0 0 0 0 0
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TABLE XIV

Attitude Angle.6 (dog.) for l/d - 1

A C*0 c-m.2 0.4 0.6 0.8

0 90 90 90 90 90
0.06 - - 77.77
0.1 88.38 - - - -

0.24 86.11 85.62 83.53 76.92 54.01
0.6 80.35 79.33 74.43 60.09 37.36
1.2 71.24 69.32 62.19 47.96 27.87
3 49.96 47.93 41.11 30.50 17.94
6 31.60 30.33 26.01 19.55 11.90

12 18.81 17.95 15.32 11.58 7.140
24 11.77 11.66 9.924 7.500 4.687
30 10.21 10.02 8.474 6.343 3.909
40 8.528 8.279 6.950 5.146 3.118
50 7.430 7.168 5.987 4.397 2.630
60 6.648 6.383 5.312 3.878 2.297
70 6.058 5.798 4.810 3.494 2.053
80 5.594 5.340 4.419 3.197 1.865
90 5.218 4.970 4.104 2.959 1.716

100 4.904 4.663 3.844 2.763 1.594
* 0 0 0 0 0
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TABLE XV

Attitude Angle.# (doq.) for 1/d -

A C-0 c -0.2 0.4 0.6 0.8

0 90 90 90 90 90
0.06 - - - 81.51
0.1 89.48 - - - -

0.24 88.75 88.54 87.48 83.41 61.56
0.6 86.88 86.37 83.73 74.44 43.46 I
1.2 83.75 82.78 77.82 63.16 32.60
3 74.79 72.45 63.63 45.53 22.36
6 61.54 58.62 48.78 33.29 16.60 I

12 43.04 40.81 33.32 22.72 11.74
24 26.03 24.62 20.24 14.07 7.450
30 21.93 20.32 16.95 12.16 6.898 I
40 17.71 16.75 13.85 9.844 5.507
50 15.15 14.47 11.91 8.405 4.659
60 13.44 12.87 10.55 7.414 4.082
70 12.21 11.68 9.546 6.686 3.661
80 11.26 10.74 8.760 6.119 3.336
90 10.50 9.987 8.136 5.668 3.078

100 9.866 9.368 7.615 5.298 2.868
4 0 0 0 0 0
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D, Synchronous Whirl

Forces Due to Rotating Unbalance

In addition to unidirectional constant radial
forces, the second most common type radial load that a
journal must carry is mass unbalance of the rotating com-
ponent. Such an unbalance produces a radial force that
rotates at shaft speed as depicted on Figure (35) with a
magnitude dependent upon both the amount of unbalanced mass
in the system and the rotational speed.

As with a steady, unidirectional load, a rotating force
will produce a displacement of the journal within the bear-
ing. In this case, however, the center of the journal will
not be displaced to a fixed point in space but will describe
a somewhat circular orbit because of the angular motion of
the force. It is clear that this angular motion occurs at
the same frequency as the shaft rotational speed and there-
fore it is generally termed *synchronous whirl'. If all
other radial forces were removed from the journal then the
center of the circular orbit of the shaft center would corre-
spond closely to the center of the bearing as seen on Figure
(36)path A. on the other hand, if a steady unidirectional
radial luad acts on the journal to displace the journal cen-
ter to some point O (Fig.36), then the center of the circu-
lar orbit due to unbalance would also shift to 0 and the
new path described by the journal center would approximate
path B.

' A

of Orbiing Paib in a Journal

Bearing, Path A Due to Unbalance.

Fig. 35 - Force F, Resulting from Unbalance Path B Due to a Steady Load
of Rotor Shaft Rotating with Shaft Pku Unbala
At Syndronow Speed.
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In order to determine the minimum bearing film thick-
ness of a journal bearing containing unbalance of the rotat-
ing member it is necessary to determine the radius e' of the
circular orbit of the shaft center. (See Fig. 36). For mall
values of el the eccentricity ratio c and el may be calcu-
lated as though the rotating load were a stationary load of
the same magnitude. This has been shown to be quite accurate
if c does not exceed a value of about 0.4 to 0.5. Thus the
analysis to predict the load-carrying capacity of a static
load may be applied to a load due to rotating unbalance with
satisfactory accuracy provided that the value of eccentricity
ratio c does not exceed about 0.4 or 0.5. (Ref. 20). For
eccentricity ratios greater than these values dynamic re-
sponses occur in the gas film involving squeeze film forces
and other time dependent actions so that the static equiva-
lency described above becomes more inaccurate.

To review the accuracy of considering the unbalance
load as a fixed load the following example taken from Ref.f20 by Sternlicht and Elwell is presented.

i*l@ 71 A 360o gas-lubricated, self-acting journal bear-
ing ws tested om a vertical shaft. Attite magle ad ecenstri-
city ratio were measured for the shat while In operation. For
the following conditions, the eccentricity ratio for a rotating
unbalance may be computed assuming the analysis for a steedy load
condition is applicablet

1/i - 1 A~I{
Diameter - 2-
length - 2* A2
Speed - 6000 no7

Radial Clear.- 0.000
Viscosity - 2.61ml0 royn - 2.63
Unbal. . 6000 rpm a 12.5 lb/bgr
|mb.prsaure - 14.7 peia ad- M 12-5 - 0.2125

Using figure (14) or Table V, the calculated value of a - 0.27.
The measured value of a w 0.275 indicating excellent agreement. Tomake a more cmplete analysis several other points wore calculated
with the following results:

S"eed calculated Measured
(rum,) orce-lbs, /Pad A a (30f9.20)

2,000 1.9 0.0255 0.076 0.00 0.08
4,000 5.05 0.0859 1.755 0.15 0.15
6,000 12.5 0.2125 2.63 0.27 0.275
6,000 22 0.374 3.505 0.37 0.405

10,000 35 0.595 4.38 0.47 0.53

The results are sham in Figure (37) compared with experi-
mental data.
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Radial Load. Experimental Data fronm Ref. 20.

Establishment of Limits for Rotating Unbalance

The method of analysis just discussed also pro-
vides a means for establishing the limits on unbalance that
can be tolerated in any particular rotating assembly. This
limit will be measured in terms of the eccentricity ratio
that the unbalance produces and the corresponding minkimum
film thickness.

kinlht98 As an illustration of this, reconsider z~omple 7
that haa just been- described as having an eccentricity ratio of
6 - 0.27. The specific bearing in Rzml 7 had a length and di-
metor of 2 inches each with a radial clearance of 0.0005U4 inches.
if it is desirable to maintain the minim film thickmes of this
bearing at 0.00037 inches at 6.000 315 then the manzimm eccentricity
ratio allowble my be calculated using Uquation (8)

hom c lot 1-!2-c

-1I- .734

a - 0.266 or appromimately 0.27

For this eccentrioity ratio and the calculated bearing c
pressibility ouner A w 2.63. the mimum load my be determined
f rom Figure (14) to be 12.5 peand per bearin. This force is
the resuit of an unbelange which an be determined fron the relation

1punhoeace _ _ r

where V is the magnitude of the unbalance, a is the rotational speed
in radians per set.. *9g is the gravitational constant and r is the
effective radius of the unbalance.
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Thus for this examle. substituting the merical values. w
havest

12.5 - "s1 .1 2, r

Ur - 0.0122 lb.ia.

or M - O.1S on. ia. of nalanme

The allouable nbalan ecoe a functio of bearing clear-
ance. sIe and speed. for a gives lubricant viscosity. and Ia mt
cases eald be establisbed by the lmits an mnimm film thiAemea
that would be acceptable. In a majority of qplicatiess a minim
fila thickness. resulting frm nbalance. of perape fram 3/4 to 2/3
of the radial clearance would probebly be allmoble. i.e. £ - .2S
to a - 0.34.

Synchronous Resonant Whirl(Inversion-Point Critical
Speed)

If the gas film in the bearing is considered as
a spring supporting the rotating element, then any disturb-
ing force will create a deflection of this spring. In the
case of an unbalance force, the disturbing force varies
angularly indirection at a frequency equal to that of the
rotating speed of the rotor. At any specific point in the
gas film the unbalanced force thus acts as a vibrating force
with a frequency equal to the rotational speed. The rotat-
ing shaft system which in considered supported on a gas
spring, has a natural frequency at which it will resonate.
If the frequency of the unbalancel vibrational force corre-
sponds to the lowest natural frequency of the shaft and sup-
port system, a forced vibration phenomenon occurs which is
frequently termed "synchronous resonant whirls or "inversion
point critical speed". Both of the terms imply that the
rotor is acting as a rigid body and is vibrating on the rela-
tively soft gas *springs" in the bearings. (Ref. 21)

Extensive observations have been made on this type of
instability (Ref. 22). By means of capacitance probes moni-
toring the motion of the journal in its bearing, it can be
shown that below this resonant "critical speed" the shaft-
rotor system is rotating about its geometric axis. After
passing through this resonant condition, the shaft-rotor sys-
tem begins to spin about its center of gravity axis. This
inversion, or shift in the center of rotation, can be observed

on the screen of an oscilloscope and hence the origination of
the term "inversion-point critical speedw.
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Translatory Synchronous Whirl Rotating Journal

The response of a gas film spring is non-
linear, consequently, there is no spring "constant" but
rather a spring rate which will increase with eccentricity
ratio for this type of bearing. The actual spring rate

therefore, at a given eccentricity ratio, may be obtained
by drawing a tangent to the curve of load-carrying capa-
city plotted against eccentricity ratio for a given bear-
ing at a fixed speed (Refs. 22 and 23). Such a curve would
be typical of Figure (17).

JaIL figure (17) is redram In Figure (3) including
as i adtitioeml ebcissa the mn~imm film thickness ceorreponding
to the various values of a. ime we calculated from squation (a)

bo -a e11

For the beaing described in Figure (17), c - 0.00025 inches.
40 -

/p

I.0
i I b, , -"

o oj as .cm a*a sm w s

I RATIO , ItO I ,/I
I /I.J , ,

I 38 -o I i

MMilUMt FiLM TI4ICKNNZSS- h, (Inch~e)

F g. 38. - Rpl, of Dat from Example 1 and F g. 17.

it the rotor to em a vertical et or in a aeo gravity
field the bearing load mId be awe ad the eccentricity ratio
mod ale be mer. wo slope of the -a. curve at a - 0 is the
file stif ee k.

&B.O . 11.a00 lb./in.



The natural frequency of vibration, still considering the shaft-
rotor system as a simple rigid body, would then bet

f . Vrs (20)

where k - film stiffness of one bearing (lb/in).
oe Figure (40), assuming translation

a total mass of jotating system (shaft)

n. (W/9 or lb.see / n)

f - natural frequency (cycles/sec)

In the case of this rotor the weight Is 0.116 lb. or a - M .

a a 0.000306 lb.oe
2

/in for one bearing

For a two bearing system

m - 0.000306 x 2 lb.sec
2

The natural frequency then is, from Equation (20),

Sf 1L2V 0. 000306 x 2

f . ,jE36.6,IL0'

f a 964 cycles/sec or 57,600 cycles/min.

Since this device is designed to run at 24,000 RM there will
be no need to pass through this particular critical speed.

As a further illustration, suppose the shaft-rotor system was
loaded by some force, so that 9 wes equal to O.S. A tangent to the
curve in Figure (36) would yield a film stiffness k oft

k (3.4 - 0.13M1. 327
k (0.0002-0.00005) in. 4LOWlS

k - 21,800 lb'in.

And the natural frequency corresponding to the synchronous resonant
whirl or inversion point critical speed would be in this came from
quation (20).

f " *V0.000306 x 2

f " 1345 cycles/sec.or 60,600 cyclesAin.

Although this phenomenon is rare in oil-lubricated bearings
because of the high duping in oil films, It has been observed and
identified in oil-lubricated shaft journal bearings with overhung
compressor wheels operating at fairly high speeds. one case Involved
a shaft 3.3 inches in dimeter operating at 12,000 M with a rotor
weighing about 100 pounds. Detsmos of the low d#ing properties of
gas films however, such instabilities are not suppressed and conse-
quently will appear if the dynamic conditions are appropriate.
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Conical Synchronous Whirl Rotating Journal

It was assumed in the previous discussion
that the journal axis remains parallel to the bearing
axis as depicted on Figure (39A). This is termed the
cylindrical mode or translatory mode of vibration.
It is also quite possible for the shaft rotor system
to vibrate in a conical mode as illustrated in Figure
(39B). In this case the journal axis generates a coni-
cal surface with the apex in the plane of the center
of mass. The difference between the two modes of vibra-
tion is determined by the distribution of the rotor mass
and for the case of a two bearing support system, the
distance between the bearings.

---.-- .Bearing

(A) --

(B) / - Bearing

Fig. 39 - Indication of Synchronous Whirl of Shaft in Journal Bearing.
(A) Translatory or Cylindrical. (B) Conical.
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In translatory, cylindrical. synchronous whirl of
the shaft we have the simple case of an undeflected mass
on two springs with rigid bearing housings. This has al-
ready been described. The conical type of shaft synchron-
ous whirl is illustrated in Figure (39) and also schematic-
ally in Figure (40). As has been explained, the springs
are not linear, as shown in Figure (38) but by taking a
tangent to the load-deflection curve they can be assumed to
be linear at the particular point of operation. For conical
whirl, the springs develop a restoring moment, and for two
springs this becomes kL /2 (in.lb./radian).

Then the restoring spring
moment equals the inertiak k moment, or

conical shaft -

I where It, is the trans-

Fig. 40 - Schematic Representation of Shaft verse moment of inertia

Conical Synchronous Whirl. of the shaft rotor system
about a diameter (lb.in.sec )

If in the conical whirling motion, the polar moment of
inertia of the rotating shaft system is significant compared
to the transverse moment of inertia, there could be a gyro-
scopic effect which would influence the natural frequency of
vibration and the critical speed at which resonance takes
place. Den Hartog, "Mechanical Vibrations" 4th Edition,
McGraw-Hill Publishing Company, shows that if the shaft is
whirling (or precessing) in the direction of spin, the gyro-
scopic inertia moment tends to make the amplitude of vibra-
tions smaller, thus making the effective spring rate higher
and in this way raising the natural frequency of vibration.
This is the case corresponding to synchronous whirl. Follow-
ing through Den Hartog's derivation, we have

fconical shaft " 2 ' V211t;- Ips(

Where I is the polar moment of inertia
of the thaft-rotor system.
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Synchronous Translatory and Conical Bearina Whirl
(a) non-Rotating Bearing

Next we consider the case of synchronous bearing
whirl. Such an occurrence is common if the bearing is held
in flexible supports and can vibrate relative to the spin-
ning shaft. We then have the usual cases ,f translatory
synchronous whirl,(Fig. 41),

f mIF (23)
trans.brg. 2w

and for conical whirl

f l.I7(24)
conical brg. - 2 -

where k is the restoring moment produced by the gas film
in the gearing and Ith is the transverse moment of inertia
of the bearing about a diameter. An expression for kc can
be obtained directly from the translatory k if it is assumed
that the gas-film spring action in the bearing is uniform-
ly distributed, neglecting end effects. This assumes that
all sections of the bearing, including the ends, contri-
bute equally to the translatory stiffness. This is not true
and only in the limit when l/d approaches infinity would it
be considered to be a fair representation of the facts. How-
ever, using this assumption and integrating across the bear-
ing we find that:

kc- kl 2  (25)c 12

where 1 is the length of the bearing. Now Equation (25) may
in general be written as follows:

k (26)

where Ke is a nomerical factor depending upon the 1/d ratio
of the bearing. Then Equation (24) when combined with (26)
becomes
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fconical brg. = VK;; (27)

I.-

I I The number 12 in Equation
L.~ \/ (25) and K* in Equation (26)

_ - ----- - may be replaced by modified
11 Shot values obtained from actual

- iexperiments such as in Ref.
(35). In this paper exper-

i -| imental results are shown

for conical whirl of bear-
ings (as contrasted to shaft
whirl) in which this numeri-

Fig. 41 - Conical Whirl of Bearing cal factor is evaluated from
With Resped To Shaft. the observed data.

The following values summarize the resultst

TABLE XVI

Experimental Values of K* (Ref.35)

S*earina 1/d Ratio K*

- 12 (theoretical value)

3 15
2 23

1.5 25
1.0 25

Thus, while these values are experimental and subjected
to a number of probable errors they are nevertheless more
accurate than the idealized value of K* a 12 computed for the
case of l/d of -. It is recommended that these experimental
values be used in making calculations involving conical bear-
ing whirl and in Equation (27), a number selected from the
above table, for the corresponding l/d ratio of the bearing
would be used instead of 12.
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(b) Rotating Bearing

Now Equation (27) for
conical whirl of the bearing
is applicable to the rocking
or oscillating motion of a
non-rotating bearing. If the
situation that needs to be
evaluated is that of a sta--tionary shaft and a rotating
bearing, gyroscopic inertia
effects of the rotating bear-
ing would need to be included
This would correspond physi-
cally to an electric motor
driven fan, where the ur~tor"

Fig. 42 - Fixed Shaft and in the classical sense, is
Rotating Bearing. held stationary, and the hous-

ing revolves about it. Figure
(42).

In this case the polar moment of inertia might be relative-
ly large and should be included. The equation for natural
frequency would become

t conical brg. 1 K* (2 8
2 [K 1tb_ Ipb] (8

where Ib is the polar moment of inertia of the bearing and
K* is a number taken from Table XVI and which depends upon
the l/d ratio of the bearing.

Let us now summarize the discussion so far on syn-
chronous resonant whirl:

1. Translatory synchronous shaft whirl Eq. (20)

2. Conical synchronous shaft whirl
a. Without gyroscopic effect Eq. (21)
b. With gyroscopic effect Eq. (22)

3. Translatory synchronous bearing whirl,
with rotating or non-rotating bearing Eq. (23)

4. Conical synchronous bearing whirl
a. Non-rotating bearing Eq. (27)
b. Rotating bearing Eq. (28)
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It is frequently possible to predict which mode of syn-
chronous vibration. may be expected to occur first as the
speed of a unit is slowly raised. For the case of shaft
synchronous whirl we can take the ratio of Equation (20)
to Equation (22) and

f ~ 1 2k
ftrans.shaft 2 2 N
fconical shaft 1 , 1E

2w V2 [its- IpaJ
f 2

f t- = 2k 2[Ito- Ips]

fc k Ms I L

4~ [1t-Zp

[f at 4 t 2 (29)

Thus, if the right hand side of the equation is greater
than one, f-, conical shaft synchronous whirl will occur
at a lower Erequency than ft., translatory shaft synchron-Ious whirl. If the right hand side is less than one then
it follows that the translatory mode will have the lowerI frequency.

In Ref. (31) is data for an electric motor rotor

held in two rigid non-rotating bearings so that Equation
I (29) would be applicable.

IWeight of rotor - 17.19 lb.

L (distance between bearings) - 11.75 inches

Iits , 1.91 lb.insec
2

I ps M 0.063 lb.in.sec2

I
I
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Substituting in Equation (29)

4 f 191-0.0631

- 17.19/386 x 11.752 - 1.2

The results of tests made by the authors of Ref. (31),
although performed for half-frequency whirl, did show
that conical whirl was observed at a lower speed than
translatory Yhirl, as we would have expected from the
ratio of fts /fca = 1.2.

For the case of bearing whirl (non-rdating) we take
the ratio of Equation (23) to (27), or

i -Nm-

fcb 1_-1 k 1z

2IKs It])

f 2 K* Ith

- 1 (30)
fcb M

where values of K* would be obtained from Table XVI.

As part of the experimental work of Ref. (35) it was
possible to take a given bearing and add weights to it thus
changing the ratio of I to mb in Equation (30) and in
turn changing the form o the mode of the lower frequency
whirl. The observations were actually made on half-frequency
whirl but the general conclusions are valid, for synchronous
whirl, with a non-rotating bearing.

Bearing diameter -2 inches

Bearing length - 6 inches

l/d ratio - 3

K* from Table XVI- 15
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Therefore, from right hand side of Equation (30)

15 Itb Mode of Mode of
Whirl Whirl

mb 12 Predicted Observed

1.305 Conical
0.965 Cylindrical Cylindrical
1.090 Conical Conical
1.035 Conical Cylindrical
1.11 Conical Conical

These results show the general agreement with the pre-
dictions of Equation (30).

For the case of bearing whirl, with a stationary
shaft but with a rotating bearing, we take the ratio of
Equation (23) to Equation (28) and have:

c " i; -r EpbJ

2
b

I~T I I k V

or fth] * [th- pb](31)

chronous speeds which correspond to natural frequencies of
vibration. If such a system is running smoothly, not at
one of these "critical speeds", difficulty may arise if the
entire structure is shaken or vibrated at a frequency which
corresponds to one of these critical speeds. Such resonant
external excitations are generally more serious with gas-
lubricated bearings than with liquid or oil lubricated bear-
ings because the gas bearing has much less internal damping.
Because of this, it is recommended that a bearing not be

subjected to a vibration excitation higher than 75 to 85%

I
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of the lowest natural frequency of vibration. In the
case of Example 9 for instance, a synchronous resonant
shaft frequency was computed as 964 cycles/sec. The
recommendation then would be to limit the vibrational
excitation of this unit to 725 to 825 cycles per second
as a maximum.

If for some reason, perhaps test specifications, it
would be necessary to subject the rotor system of Example
9 to say 1000 cycles per second it would be desirable to
have the lowest synchronous whirl frequency some 15% to
25% above this value. As shown in Equation (20), or sub-
sequent Equations (21) through (28), whichever would apply,
this may be accomplished by increasing the spring rate k
or kc and/or decreasing the mass m or the moment of inertia.

Although the damping in a self-acting bearing of this
type is relatively low, it is possible to pass through a
synchronous resonant critical speed, if absolutely neces-
sary, and no damage may result providing the amount of un-
balance is low and the acceleration rate is high. Under
no circumstances however should steady-state operating
speed be within approximately 15% of one of the natural
frequencies of the system.

In consideration of external vibrations, resonant
behavior of self-acting bearings has also been observed
at applied vibration frequencies of one half rotational
frequency (Ref. 41). Of concern at this condition is the
reduction in load capacity of the bearing. Observed in-
creases in eccentricity ratio from 0.05 at a fixed load
condition to 0.6 at a sinusoidal load condition and an
applied frequency of one half rotational frequency have
been recorded.

Experiments conducted by Rotron have indicated that
the reduction in load capacity occurs over a rather narrow
band around the ratio of applied vibrational frequency to
rotating bearing frequency - h. In the case of one parti-
cular unit, a reduction in sinusoidal load capacity ftom
8 G's to 4 G's was observed at the applied frequency of
125 cps with an operating speed of 250 cps. This decrease
in load capacity occurred over the range from 100 to 150 cps
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applied frequency. Figure (43) presents a dimensionless
plot illustrating the effect of this behavior.

When designing a gas bearing it is quite evident
that the designer must carefully review the vibrational
requirements that the bearing must withstand. In addi-
tion to avoiding vibrational loads of the same frequency
as the resonant frequency of the bearing, load capacity
must be checked for sustaining vibrational loads at fre-
quencies within 15% of one half rotational frequency.

0-I

co

0 L

0 0.5 1.0

APPLIED VIBRATIONAL FREQUENCY
ROTATIONAL FREQUENCY

Fig. 43 - Bearing Load Capacity Under Sinusoidal Load Condition.

7
I
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3. Half-Frequency Whirl

One of the most serious forms of instability en-
countered in journal bearing operation is known an
"half-frequency whirls. The phenomenon is one of self-
excited vibration and is characterized by having the
center of the shaft orbit around the center of the bear-
ing at a frequency approximately equal to half of the
spinning or rotational velocity of the shaft. Under these
conditions Haqg (24) has shown that the capacity of the
bearing to support radial loads falls to zero. In Figure
(44) this half-frequency whirling motion is depicted where
12 is approximately half of w.0Z is the orbital frequency

and 61 is the shaft rotational frequency.

The shaft system may be stable as the speed is in-
creased until this threshold is reached. Crossing this
threshold with further increase in speed will bring the
system into a region of instability which becomes more
violent as the penetration becomes deeper until inevit-
able seizure results. Unlike an ordinary critical speed
the shaft cannot pass through this one and attain a region
of stability on the other side at a higher speed as with
synchronous resonant whirl. A typical instance would be
to have a bearing running smoothly without any difficul-
ties at say 40,000 rpm but seize and fail completely at
43,000 rpm. Failure in most instances is instantaneous
and complete as the amplitude of vibration becoms equal
to the radial clearance in the bearing. It should be
pointed out rather emphatically that this type of instabil-
ity is not peculiar to gas bearings but actually is a seri-
ous and continuing problem with high-speed, lightly-loaded,
liquid-lubricated bearings as well.

The explanation of this instability and possible
methods of predicting its occumnce are based on an under-
standing of what steady-state positions the journal asmes
in the bearing clearance with variations in speed and load.
For a given bearing geometry these positions form a path
which is predictable and consistent. This path is the atti-
tude-eccentricity locus as described earlier in this maimal
in Section 11 C. Referring to Figures (26) and (27), the
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attitude angle is indicated
by the symbol * and for full
film, gas-lubricated journal

bearings may be obtained from
Figures (30) through (34) as
a function of bearing compres-
sibility parameter A.

Generally at light loads
and/or high speeds, the eccen-
tricity ratio c is small, ap-
proaching 0, while the atti-
tude angle approaches 900. For
heavier loads the eccentricity

ratio increases and the center

Fig. 44 - Orbital Whirling Velocity of of the shaft travels downward
Shaft Ceutterl About Center of Bearing along the shaft center locus
Compared to Shaft Spinnig Velocityw. with the attitude angle approach-

ing zero as the eccentricity
ratio approaches one.(Note Fig.26)

Half-frequency whirl is actually the result of a driv-
ing force acting on the shaft causing it to whirl or orbit
in the same direction am the spin of the shaft. This driv-
ing force is a component of the hydrodynamic load-carrying
film force that is developed in the clearance space of the
bearing. Thus in Figure (45a) with the load applied as
shown, the line joining the center of the bearing with the
center of the shaft can be drawn. The components of the
hydrodynamic film force acting perpendicular to this line
of centers can be called Fe . It is the force Fe which pro-
vides the driving action and which can result in the unstable
motion called whirl. In Figure (45b), (c), and (d) it is
shown that the location of a shaft center 0' on the attitude
eccentricity locus influences the magnitude of F9. In Figure
(45b) is depicted a position of the shaft where Fr is small
and F9 is rather large. F9 will therefore tend to cause a
high degree of whirl instability.

In Figure (45c) it is assumed that the shaft center
is now further down the locus, perhaps midway on the arc.
This would result from increasing the external load, for
example, or by developing an internal load on the journal
through the use of grooves or slots. Now in Figure (45c)
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the relationship between F r and F0 shows that they are both
of comparable magnitude. if the center of the journal now
finds itself much further down on the attitude-eccentricity
locus as shown in Figure (45d), through modification of
either load or geometry, Fr becomes quite small. This means
that the driving force Fe is becoming negligible and that for
these conditions the shaft would be very stable.

Eccentricity

OC\

Fig. 45 - RelatianhNp of Radial Force F,, to Tangential Force FS, for Several
Valves of Eccentricity Ratio.
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Thus the angular position of F and its magnitude, or con-
versely the angular position of F and its magnitude will
be fundamental parameters in estalishing whether half-fre-
quency whirl is a possibility.

~Half-Frequency Whirl Stability for Liauid Lubricated
Self-Acting Bearings

I Poritsky (25), Boeker and Sternlicht (26), refer
to the analysis of whirl instability in terms of these forces.
The equations of motion are established and these equations
are analyzed for stability criteria. A relationship is de-
veloped to indicate the threshold of whirl instability as a
function of the mass of the system, the spring constant of
the shaft itself, and the radial film stiffness of the lub-
ricating film in the bearing as determined by the force Fr
that has just been described. If Fr approaches zero the
shaft will whirl at all operational speeds. An example of
such a case would be a vertical shaft supported by an un-
grooved journal bearing where c would equal to zero and *
would be 900.

The expression derived is as follows, referring speci-
fically to translatory half-frequency whirl of the rotor-
shaft system:

f 2 = 2 1 
(32)

2 2 ilK2a

where f t M shaft speed at which half-frequency transla-
- tory shaft whirl begins (cycles/sec).

I = mass of shaft-rotor system (lb.sec2/in)

K1 - shaft spring stiffness (lb/in)

K2 - radial spring stiffness of the bearing film
for one bearing, obtained by plotting radial
film force Fr against film thickness and evalu-
ating the slope of this curve at the properIeccentricity ratio (lb/in)

I
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For our purposes, where the shaft system is such that
operation is well below the first mechanical critical
speed (with elasticity of the shaft included), we can
properly assume that the shaft stiffness is much greater
than the radial stiffness of the gas film, or KI>>K 2 so
that in Equation (32) above l/KI<Ic/K 2 and may be dropped.
Therefore, Equation (32) becomes

fte 2 12K V (33)

Use of Equation (33) for liquid-lubricated bearings
has shown very satisfactory correlation between predicted
whirl threshold speeds and actual speeds at which such in-
stabilities were observed to begin (26,27). More refined
analyses involving extended digital computer calculations
are available but the justification of this extra involve-
ment and complication has not yet been established (28).
It is therefore recommended that Equations (32) or (33) be
used for design purposes with liquid-lubricated bearings.
The method provides a step-wise sequence of calculations
(as shown in Example 10, Steps 1 through 7) in which a phy-
sical understanding may be gained of the phenomenon known as
half-frequency whirl. With this conceptual understanding
there is developed simultaneously the knowledge of the in-
fluence of the several variables such as attitude angle,
eccentricity ratio, radial and tangential fluid spring forces,
speed, clearance ratio and length-to-diameter ratio, on the
threshold of half-frequency whirl. It follows that by chang-
ing these parameters the threshold speed of instability can
also be varied. In this way the design aspects for control-
ling this phenomenon are established.

This method involving the use of Equations (32) or (33),
is also completely general and applies to all sizes and
shapes of liquid lubricated journal bearings. If stabiliz-
ing forces are introduced, either external to the bearing or
arising within the bearing clearance itself, the equations
can be used, just as they are, without modification.

The reason this method is being given so much emphasis
even though it was developed for bearings using incompressible
lubricants, is that it provides the first step in developing
a design approach for gas-lubricated bearings. Actually, for
values of the compressibility number A less than about 1/3,
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it may be used directly for gas-lubricated bearings pro-
viding that the stability parameter wl* is large, that is
to say, equal to or greater than 0.5. This parameter is
described by Equation (34). For higher A however, two al-
ternate approaches will be suggested.

Half-Frequency Translatory Whirl Analysis for Small
Values of A

kinlL.&' fThis calculation will involve the use of
Equation (33) and with it we will attempt to establish whether
at a given operating apeed the shaft will be stable or not stable
to half-frequency whirl.

To provide corggiation we will use experimental data from
Sternlicht and Windy* For a bearing with the following speci-
fications the onset of half-frqusey @haft whirl was observed
to occur at 11,600 RIM.

Bearing diameter 2 inches
bearing leiWlth 2 inches
Radial clearance c O0l6jice
viscosity (air) 27zx10 lb.sec/in.
P 14.7 psia
idial load on bearing 11.01 pounds

Weight of shaft/6aring 11.01 pounds
Shaft is horizontal and bearing loading
is due to gravity

We will begin by assuing that the operating speed is
11.600 RPM. Equation (33) will be evaluated and will yield an
answer for the shaft speed ft,2 in cycles per second.

If ft./2 x 60 a 11-800 RPM, this will mean that the design
speed at the threshold of whirl instability.

itf, x 60 is greater than 11.800 RIM, let us may for
example 1 8%0 RPM, this meano that the shaft should be free of
half-frequency whirl at 11.800 RPM and thus is stable. it does
not mean that 15,000 RIM will be a threshold speed.

if ft,/2 x 60 Is less than 11.800 RIM, say 5,000 RM. the
indication is that this design speed Is unstable and that the
shaft will be whirling at 11.600 RIM if it hasn't failed before
at a lower speed. It does not moan that 5.000 RPM is a threshold

Eqguation (33) is only a stability Indicator. it tells whether
the system is stable or unstable at a pre-ealected speed. It does
not calculate a acritic&aspeed in the usual sense unless the
as 4 a peed coincides with the calculated value from Equation (33).

Actually it is somewhat similar to a "go-no go* gage *stab-
lisbing whether a manufactured part Is within acceptable dimes-
siosal tolerance. It either is or it im'It. In the gam way.
Dquation (33) shows whether the shaft Is stable with respect to
hailf-frequency whirl or it Is net, evaluated of course with refer-
ence to en assumed operating sed
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sto, I - Calculate A

From "quation (1) A -- 12

U - 11.0 x 2w - 1235 rads/soc.

r - I inch
Then A a6x2 .TxlOg x1235IThen A . E J j 4 . 1 I ...... ..... )

4.7 1.64X10- )

A a 0.504

Stop 2 - Establish Lod-Rccentricity Relationship

From Figure 14, for 1/d1-, we obtain the following
values at A m 0.504. Value of d x I x P- 2x2x14.7 a 58.8

p W(lb)
0 0 0
0.1 0.018 1.059
0.2 0.039 2.293
0.4 0.085 5.0
0.6 0.16 9.4
0.6 0.36 21.3

Stop 3 - Determine Attitude Anales

From Figure 33, for l/d a 1, we have the following angles
at A - 0.504a

9 4 derees

0 62.0
0.1 61.5
0.2 81.0
0.4 76.5
0.6 65.5

0.6 41.0

Ate. 4 - Determine the Comonent of W actino alone the Line
of Centers of Dearn and Shaft

Referring back to Figure (25), this is determined as
W oos and acts along the lin of centers 00'. This is also
indicated by Squation (16) and by the force Fr in Figure (45),
called the radial force or the force that acts along the line
of centers.

Actually, steps (2), (3) and (4) can all be combined in
one operation by making one large table as shown below. Values
of ho are obtained from Equation (8).
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W cos
C dipa W(lb) #degrees Coo # (Fr)(lb) h0 in.

0 0 0 82.0 0.1392 0 0.001643
0.1 0.016 1.059 61.5 0.1478 0.1565 0.001477
0.2 0.039 2.293 81.0 0.1564 0.359 0.001313
0.4 0.065 5.0 76.5 0.2334 1.167 0.000985
0.6 0.16 9.4 65.5 0.4147 3.90 0.000657
0.8 0.36 21.3 41.0 0.7547 16.07 0.000328

SteD 5 - Determine Ooeratinq Eccentricity Ratio

The operating c for this bearing with W a 11.01 pounds
will be somewhere between g - 0.6 and c - 0.8 judging by
the above table. Frequently it is possible to interpolate,
by inspection but in this case it will be necessary to plot
a curve of W versus 9 in order to get a sufficiently accurate
value.

I

II
0 L.

to 6 -Determine K. for ation (331

T~he value of R2 Is obtained by plotting Fr (which is
IN cos #) versus c and ho and detceining the slope of thi s

curve at the operating value of 9.

Ii I

ECE Thl RAI, '

S ~ ~atem aee mine mf Um a3

h e l8e f3 2 i t b p

I. /*

I .1!
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$lope of curve at g u 0.65 in ZY

or K2 - 7 09

K2 - 24,200 lb/Win at t - 0.65

Bten 7 - Calculate ftj_.n rom tuation (331

V./V2 . L=2X236in/ec2

9.2,1102

2

f - 293 cyclee/sec.

or 293 x 60 - 17.600 cycles per minute.

Now the measured value of threshold speed was 11,900
cycles per minute so that the predicted value based on
Equation (33) in higher than the measured value.

Predicted threshold value 17 600
the ratio T "'Measured threshold value - 1 1.49

This is rather typical of the comparison between theoretical
and experimental results for shafts in 3600 gas-lubricated
journal bearings. The ratio '"is largely a function of A,
but not completely, as will be shown below. However, as a
general rule, the mailer the value of A for a given case,
the smaller will be the ratio"C. This means as we approach
the incompressible film condition, or as A approaches zero,
Equation (33) becomes more accurate.

For example, the graph (Figure 46) shows the results of
a number of calculations similar to that of Example 10. The
trend in the relationship between the factor'w and the value

of A im indicated.
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Fig. 46 - Ratio C Plotted Against Compressibility Number for Two 1/d Ratios.

Although Figure (46) shows the trend of actual ob-
served threshold speeds compared to predicted values using
Equation (33), there is another parameter that is signifi-
cant in establishing the stability characteristics of gas-
lubricated journal bearings. This is called the stability
parameter and has been given several forms depending upon
the investigator (Refers.32, 33, and 34).

The form of the stability parameter that appears most
useful from a bearing design point of view is wl*. This is
found in Ref.(33) and (34)

1 "1* (34)

where w is the shaft speed, (radians/sec)
c is the radial clearance in the bearing lin.)
N1 is the mass per unit length (lb.sec /in )
w is the load per length (lb/in)

The values of ** can be calculated for the data in
Table XVII using Equation (34). The results are presented
in Table XVIII.
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Example ll Consider the bearing which is de-
scribed as No. 1 of Table XVII, for A - 0.549, the mass
of the shaft is obtained from the weight of the shaft
associated with one bearing. This weight was 0.33 pounds.
The bearing was 1/2 inch long. The weight per unit length
was thus 0.33 x 2 - 0.66 pounds/inch. The mass per unit
length

0.66 - lb.sec
2

386 Tin.x in.

Ni - 0.00171 lb.sec2/in
2

I The shaft was not horizontal so that the load on the
bearing was less than the weight of the shaft.

Load on bearing w - 0.2795 Lbs. (given)
Long per unit length - 0.2795 x 2

- 0.559 lb./in.

The observed threshold speed (or in general the intended
operating speed) - 584 rads/sec.

Substituting in Equation (34)

584 0.000533 x 0.00171
0.559

I - 584 1.63 x 10 - 6

- 584 x 1.75 x 10 - 3

I *- 0.745

Thus we have an additional parameter aI* to describe
the stability behavior of the bearing.

Making similar calculations, as Example 11 above,
for the remainder of the bearings in Table XVII we have theffollowing data, presented in Table XVIII.

I
! 87



TABLE XVIII

Stability Data

Source
No. Reference 1/d A "C" Ai-

1 (30) 0.549 3.02 0.745
2 (30) 1.89 4.94 0.498
3 (30) 0.113 1.44 1.435
4 (30) 1.33 5.07 0.416
5 (30) 0.360 2.35 0.646
6 (30) 0.206 1.94 0.513

7 (31) 1 0.736 1.965 1.312
8 (31) 1 0.604 1.97 1.195
9 (31) 1 0.475 1.55 1.115
10 (31) 1 0.847 1.985 1.410

11 (29) 1 0.504 1.49 2.55
12 (29) 1 0.455 1.39 2.42

From Table XVIII it is possible to cross-plot and
average the values of A versus "C" and wl* for values of
l/d of h and l/d of 1. Tables XIX and XX present the re-
sults of the cross-plotted data.

TABLE XIX

Cross-Plotted Stability Data
vs "C" and w * for l/d-

A A A
"C" for w1_0 for wl* 05 for wl*-l.0

1 0 0 0
2 0 0.20 0.30
3 0 0.44 0.65
4 0 0.88 1.30
5 0 1.68 2.65
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TABLE XX

Cross-plotted Stability Data
vs "C" and 1l* for l/dml

A AA
"C" for w,*O for wl*-l.0 f r w-=._5

1 0 0 0
2 0 0.7 0.97
3 0 1.8 0.20

The data from Tables XIX and XX are plotted in Figures
(47) and (48). The original data points from Table XVIII

before cross-plotting are also shown to provide an indica-
tion of the averaging that was necessary.I

flo MJa Am an saple of the use of this method.
consider a came taken from eference (30). This bas pre-
viously bn comidered in amle 11.

Dearing lengt - 1/2 inch
searing diameter - 1 inch
Radial clearance - 0.000533 inches
Nams of rotor per bearing - 0.333/396 - 0.000962

lb. ue/in

Force on bearing - 0.279 lbe.
Obserwed whirl threshold speed - 93 cycles/ec.
Labricant is air with 5 - 2.65 x 109 reyns

The c"lclations were made following the pattern used
in R e 10. with the following reeultss

A - 0.549

at_ 0.03,0

. under static conditions at 93 cycles/eec.• 0.45

I- 672 lbs/in

f - from Sq. (33) - 261 cycles/sec. predicted
3 threshold without modification.

Nw modify this value of predicted threshold in accordance
with quation (34) and Figure (47) as was done in 2xamplo 11.

al1 I - '- (34)

where N1 - as/unit length - 0 - 0.001724 lbosoeC
2
/in

2

and s - 93 x 2' - 564 radians/sec

so " 4 ... V 0.549 1-5

- 0.740
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ow seet- Flure (47) tot 1/i - s. with a,* , 0.748
and A - 0.54 ad the intersectim will occur very
alosely to the line wee C - 3.

Yhaee-Ore divide 261 cycles/ec gram above, by 3 and
the ,ee-It will be

2M81 - 93.6 cycles/Noe
3

This would indicate that the halt-treque cy wirl thres-
hold se very close to the operating speed and that in-
stability would be expected.

Half-Frequency, Translatory Whirl of a Shaft in
Infinitely Long. Cylindrical Journal Bearings

For this approach we utilize Reference (34), a
doctoral dissertation by Professor V. Castelli at Columbia
Und*ersity. This manuscript provides an analytical evalua-
tion of translatory half-frequency whirl of shafts in cy-
lindrical, 3600 journal bearings of infinite length. Al-
though it applies particularly to bearings of infinite
length, it appears to have some accuracy in predicting the
stability threshold for shafts in very long bearings, such
as for exmple where 1/d values may be 2.5, 3 or larger.

It also appears to be conservative for all 3600 bear-
ings of finite length providing that the eccentricity ratio
for static loads, cc, is calculated for an equivalent bear-
ing of infinite length. This can be done through the use of
Figure (11) with a unit load on the bearing, lbs/in , corre-
sponding to that of the finite length bearing.

Thus, if such a calculation for a bearing of finite
length, let us say 1/d - 2, using the above approach based
on infinite length, showed that for the selected operating
conditions the shaft was on the threshold of instability,
the shaft would in all probability actually be stable since
it has finite length and not infinite length.

The finite length bearing has side flow and the actual
value of c would be greater than co as calculated for the
equivalent infinite length bearing. There would be a result-
ant improvement in the attitude angle for the finite length
bearing over the infinite length bearing and in addition
there would probably be more dmping than for the infinite
case.

I
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All of these factors would tend to increase the
stability and raise the threshold speed over that cal-
culated for the equivalent bearing of infinite length.

The procedure is to make a plot of A versus wl* for
several values of co* These curves represent the thres-
hold of instability. cO is computed on a static load basis.

A tabulation of the stability data from Ref. 34 is
shown in Table XXX.

A sample curve for co - 0.1 is shown in Figure (49).
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TABLE XXI

Stability Data From Ref. 34
for Half-Frequency, Translatory

Shaft Whirl, in 3600 Cylindrical
Journal Bearings of Infinite Length

C1* A

0.1 0.838 8.016
0.1 0.826 4.004
0.1 0.819 1.996
0.1 0.750 1.0

0.2 0.98 0.9622
0.2 1.09 1.979
0.2 1.06 4.0126
0.2 1.10 8.058

0.4 1.40 0.8209
0.4 1.62 1.859
0.4 1.52 3.9754
0.4 1.52 8.110

o.6 2.14 0.5418
0.6 2.07 1.460
0.6 1.94 3.643
0.6 1.91 7.781

0.8 4.27 0.2052
0.8 4.27 0.6348
0.8 2.68 2.379
0.8 2.32 6.256

0.9 10.05 0.0722
0.9 40.1 0.2221
0.9 13.9 1.017
0.9 3.11 4.246
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M IS IL To illustrate the use of this curve let us
calmelate the predicted hael-frequenay whirl threshold speed
Sez a point of empe tal data f",m raf. 29. The data are

s gollowe

d - 2 in.
1 - 4 ia.

1/4 2
a 0.000771 in.

wvt/br9 *IA 110 b/". w . 2.152 Wb/in
u 2.7 x 10 reyna (lb.eec/in )

0.62
*I" I 3 0.00713 1ep

borved threshold speed for halE-frequeancy whirl 3.200 33

or am 3 35 rodina/eec.

Calculated value of *e fe rSquati. (34)

el 335V 2.?52

- 335 10-6

S1- 0.473

Now to calculate a value of ao for the equivalent bearing of
infinite 'length. tw to ligu-e (1-1).

Value of for this boering is - 0.0936

Zn Figure (11) with A - 0.62 and L " 0.0936. a is very
cloe to 0.1.

N locate the interection of e* and A ha Figure (49).
zt i. slightly to the left @t the threshold line for te bearing
of 1nfate team al t le thereforein the stable region. If
the point had fales to the right of this line the indiestion

uld ave bea for unsable operai. Than the line repreeenta
the thresheld between stable and unstable shaft rotation.
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notice, however, that the point from stample 11, plotted
in figure (49), is very close to the threshold line shoving
that the operating conditin is somewhat marginal as far as
stability Is conerned. Actually. as noted previously. this
data point was Identifieid wiLth a measured ape"~ of thresNhold

instability.

instead of having a separate stability plot for each value
of to similar to Figure (49). it Is convenient to combine all
data points from TableM on a single graph as shown on Figure (50).

It is understood that only one of these curves will be per-
tinent for any particular stability evaluation and the s a -
clusins will be valid as outlined in oxale Ili namely, if the
calculated point falls to the left of the threshold line the
operating condition should be stable, and to the contrary, If the
calculated point falls to the right of the threshold line operation
should be unstable.I

Summary of Discussion on Half-Frequency, Translatory
shaft Whirl

The physical explanation for this instability phenome-
non begins under Section E and describes the action of the
fluid film forces tending to drive the shaft in an orbital
fashion about the center of the bearing.

[A method of analysis and prediction for rigid-shaft,
translatory half-frequency whirl in described and presented

r as Equation (33). This equation applies to liquid lubricants
but has limited use for gaseous lubricants providing A is
small, perhaps less than 1/3, and if u* is relatively large,
perhaps greater than 1/2. The use of Equation (33) with a
gas bearing is demonstrated in detail by Example 10. Figure
(46) indicates the approximate error that may be incurred by
this method in predicting threshold speeds if A grows in mag-
nitude.

In Equation (34) the stability parameter a * is intro-
duced and then the above method of calculation ior finite
length journal bearings is modified through the use of this
stability parameter, with Example 11 and Table XVIII showing
the end results. These are shown graphically in Figures (47)
and (48) for bearings of l/d a i and l/d - 1 respectively.
Use of the graphs and the correction factor "C" for improved
accuracy is shown in Example 12.
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Finally, a method for the prediction of half-
frequency, translatory whirl of a shaft in infinitely
long, cylindrical journal bearings for any value of A and
W1* is presented in Figure (50). This method can be
applied to bearings with 1/d ratios of perhaps 2.5 to 3.0
and larger and may also be used, with some discretion, for
shorter bearings. Example(13) and Figure (49) demonstrate
the procedure.

Conical Half-Frequency Shaft Whirl Rotating
Journal (Rigid Body Condition)

Conical, half-frequency whirl is somewhat simi-
lar to the conical synchronous resonant whirl described
earlier by Equations (20) through (31) except of course
that now the orbital frequency is about half of the spin-
ning frequency and also the spring rate instead of being k
as defined in Figure (38) is now K2 as defined in Eq. (32).

Thus, like Equation (21), we will have for conical
half-frequency shaft whirl

fw=IV (35)2 V Its

L is the distance between bearings as shown
in Figure (40)

its is the transverse moment of inertia of

the shaft rotor system about a diameter
(lb.in.sec2 )

With conical motion of the shaft, there may be gyro-
scopic moment contributions to increase the apparent stiff-
ness of the shaft, especially if the mass is concentrated
in the shape of discs or rotors. Following the direction
of Den Hartog in "Mechanical Vibrations", 4th Edition,
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McGraw-Hill Book Company, we arrive at Equation (36) for

conical half-frequency shaft whirl.

fcs 1 K2 L
2

2- ' 2 [It.- 2 IPS] (36)

where Ips is the polar moment of inertia of the
shaft-rotor system.

Conical Half-Frequency Bearing Whirl (Rotating
and Non-Rotating Bearings)

Next we consider the case of half-frequency
bearing whirl. This can occur (as with synchronous whirl)
if the bearing is held in flexible supports and moves re-
lative to the spinning shaft. With translatory half-fre-
quency whirl of the bearing we have Zquation (37)

2- ;F (37)

I For conical whirl of a non-rotating bearing we have

Equation (38)I
fcb ! 1 f~ c  (38)

2 tb
K 12I where K2  K* (39)

where K* is a numerical factor determined from Table XVI.
1 is the length of the bearing as shown in Fig. (41)

Itb is the transverse moment of inertia of the bearingI about a diameter.

Therefore, Equation (38) becomes

9



~tb (40)

And finally, for the case of a stationary shaft and
a rotating bearing as shown in Figure (43)

2 ; K* [Itb- 2 pb] (41)

Let us now summarize the various equations that
apply to half-frequency whirl:

1. Translatory, half-frequency shaft whirl small
values of A - Equation (33)

2. Correction Factors, Figures (47) and (48)

3. Translatory, half-frequency shaft whirl,
infinitely long bearings - Figure (50).

4. Conical, half-frequency shaft whirl
(a) Without gyroscopic action - Eq. (35)
(b) With gyroscopic action - Eq. (36)

5. Translatory, half-frequency bearing whirl, with
rotating or non-rotating bearing - Eq. (37)

6. Conical, half-frequency bearing whirl
(a) Non-rotating bearing - Eq. (40)
(b) Rotating bearing - Eq. (41)

As with synchronous whirl it is frequenly possible to
predict which mode of half-frequency vibration may be ex-
pected to occur first as the speed of a unit is slowly
raised. Fcr the case of shaft half-frequency whirl we may
take the ratio of Equation (33) to Equation (36)
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f

Assuming that the value of 2 at translatory and conical
operating speeds is the same

2

2~ I I-

81 24 [Its - DoI ]

f- = ms (42)

c 2J

Thus, if the right hand side of Equation (42) is greater
than one, then fc i,, the conical shaft half-frequencywhirl, will occurm ba lower speed than ft m /2, the transla-
tory shaft half-frequency whirl. If the right hand side isless than one it follows that the translatory mode will have

the lower frequency.
Repeating the calculations shown in the section on

synchronous whirl for an electric motor rotor held in two
rigid non-rotating bearings (Ref. 31), we have the following:

Weight of rotor -17.19 lb.
L (distance between b~arings) - 11.75 inchests 1.91 lb. in.sec

I 0.063 lb.in.sec2

Substituting in Equation (42),

" 7.19/386 x 11.75 " 1.16
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The results of tests made by the authors of Ref. 31
showed that conical half-frequency whirl was observed at
a lower speed than translatory whirl 1s would have been
expected with a ratio of[fts/2/fcs/2] - 1.16.

For the case of a non-rotating bearing, we take the
ratio of Equation (37) to Equation (40).

11
fcb _ 2 11 2

and
2 K*'Itb

This is the same as Equation (30) for synchronous whirl
and the experimental data taken from Ref. 35 establish the
validity of Equation (43).

For the case of bearing half-frequency whirl with a
stationary shaft but with a rotating bearing we take the
ratio of Equations (37) to (41).

121

f h

f cb 1 K2 1'
w K- [I - 2Ipb]

yielding

2[ hl- K' [ 1tb 2 1 b]44

cbj mb 12
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RKSf le Mi experlments at the Rotron manufacturing Company
with a stationary shaft and rotating bearing of the following di-
mensions have shown that the mode of half-frequency whirl observed
is conical. Let us substitute the particular values into equation
(44) to see if this would have been predicted. For a hollow cir-
cular cylinder we have the following relationships. The symbols
are shown in Figure (52) and the schematic representation in rig. (51):

Fig. 51 Schematic Representation of Rotating Bearing On Stationary Shaft.

Y

I I

I I~j
I
I -

J --

Fig. 52 - Dimensions of Hollow Cylinder for Equations. (45) and (46).

where V Is the weight of the bearing.

I
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7yy - Jpb - [R
2 . 2  (46)

3 - 0.456 in.
r - 0.325 in.
W - 0.342 lbs.

13 * 2.50 in.

Substituting in Rquation (45)

-0342 2502 (0, 4 62 ,2 .

Itb - 0.000519 lb.in.mec 2

Next. substituting in Equation (46)

Io 0.4562 + 0.25s]

Ipb - 0.0001144 lb.itn.sec
2

The actual l/d ratio fox this bearing is 3.33. From Table XV
Xe is approximatel.y 15. SubstitutIng Into Iquation (44) ve have

S2

[ . lSxDI.0OO519 - 2 x 0.0001144
LIV X 1.25a

Notes The actual length of bearing inside of cylinder is 1.25
inches therefore I - 1.25 nd the l/d ratio Is 3.33.

15l X 0.0002"022g 396

S0.342 X 1.25 J

- 3.15

So that the tran latory mode would occur at a higher speed than
the conical mode.s twas observed oerimentally.

ror this bearing them

1- VSMS - 1.775

2

This would mean. - 1.78 x f

Next let us att~l to predict the actual whirl threomld
speed for this bering, using the method Involving Figure (50).
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Exaco1# If the bearing of Zxamle 14 has a diametral
clearance of 0.00066 inches and the actual bearing bore is 0.375
inches, using air as the lubricant, what would be the predicted
threshold speed for initiation of conical, half-frequency whirl?
for correlation with analytical prediction, we have a measured
threshold of 3900 Pin.

Let us conside; a i %ed of 27200 M. Assuming the viscosity
of air as 2.7 x 10- lbs.sec/in , then from Equation (1)

. .jOM - i!B-1o0 - 755 rads/sec.

Thertifres A a6x2.7xlO0
9x 7550 .1875 2

A - 0.268

W . 0.342 -0.0496
dlP a 0.375 x 1.25 x 14.7

From Figure (11), for an equivalent bearing of infinite length
with A - 0.268 and V/dlPa 0.0496 we have to0.0.13.

In order to sake use of the stability curves Figure (50), it
in necessary to determine a* from Equation (34) where:

WE~j
For the case of just a simple gravity load of the rotor on

the bearing, Equation (34) becomes a

*l' *iZ j (34h)

Therefore *m75J9~ 5x.2z0

*5-0.698

In Figure (50) there Is no stability curve for the calculated
to of 0.13 and it Is necessary therefore to estimate the location
of this line. We are interested in determining whether the value
Of *~ - 0.696 and A - 0.266 on Figure (50) Is located to the left
(stile region) or to the right (unstable region) of the e - 0.13

s tability line. If we plot the point for A w 0.268, a - .9.i
woud appear to fall on the estimated 0.13 stability fie. This

would indicate that the threshold of translatory bearing whirl
would be very close to 7200 M. From axmle 12, concering this
bearing, it was determined that conical bearing whirl would he en-
countered before translatery whirl with the following relationship.
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f a1.78 f

Therefore the threshold of half-frequency conical whirl would be
predicted ass

7200

f - 7- - 4050 RPM1
4 1.76

As was stated, the measured value was 3900 RPM.
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III SELF-ACTING THRUST BEARINGS

Self-action thrust bearings may be of many types.
All of the usual varieties may be employed with gaseous
lubricants. These are the classical, pivoted-pad type,
the tapered land with fixed geometry, the Rayleigh step
bearing and various forms of the pocket bearing. Figure
(53).

/ Pd In addition, the spiral/// ///// /// la or Rosiad.
,.,T/ Ilti Pod, Ei or herringbone grooved

lot or Flw pumping plate may be used,
which is in essence a mod-

U ~ification of the Rayleigh

step as applied to circular
FixedTapemd geometry. See Figure (54)

(b) Lind and also Figure (5), which
is reproduced for conven-

U ience as Figure (55).

t L St The choice among these
bearings will depend upon
the relative ease of phy-

U- sical construction, prac-
tibability of installation

Pocke Ty" in a given machine, and
(dlability to carry the speci-

fied loads within the limits
u of available space. The

tilting-pad type of bearing
Fig. 53 - Typical Forms of Self-Acting is self-aligning but does
Thrust Bearing. (Ref. 21). not equalize the loads on

each shoe of the bearing.
The other types are not self-aligning and usually require some
type of gimbal, pivoted or flexible mounting to perform this
function. Many of the comments previously made for self-act-
ing journal bearings apply equally as well to thrust bearings.
Pressures are developed in the same fashion and a typical pat-
tern for a tilting pad type is shown in Figure (56). In a
qualititive way Figure (56) shows the difference between the
pressure rise for a compressible and an incompressible lubri-
cant. Figure (57) shows quantitative values for such a bearing.

I
I ,07



Note that for high values of
A (see Eq.2) (or in this case

as the ambient pressure falls)
the center of pressure moves
toward the trailing edge or
the back of the pad. For each
such operating condition the
pivot must be located at the
center of pressure. Where the
ambient pressure or speed are
likely to change considerably
(A varies over a fairly wide

4 Grooved PWith range) this would be a disadvan-

Either Logarithmic or Archimeden Spiral. age.

Thrust shoes made of fixed
tapered lands, Rayleigh steps

or pockets, would not be sensi-
tive to this situation.

The literature is quite comrn-

plete on the analysis and design
of the tilting-pad thrust bear-
ings (Ref. 11). However, they

mibn... Om.ULm,. will not be considered here be-
cause of the practical limita-

Fig. 55 - Grooved Thrust Bearings. tions imposed by the small size

of the blowers toward which this
design manual is pointed. A lower
limit on the size of a tilting-
pad thrust bearing with an equal-
izer system would be about
1 inches outside diameter. They
can, of course, be made smaller
but the cost of manufacture would
make them impractical for use in
comercially competitive equipment.

ARIMNS LONTh Instead, design procedures for
Fig. 56 - Comparative Pressure Disrib H itn the spiral grooved pumping plate
for Compressible and will be described as shown in its
Icompresuible Lubrkation. optimized form in Figure (55b).

(From Gross, Ref. 36).
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I Pea142.5 PSIA. As 2
2 Pea 14.23 PSIA.Aw 20
3Pa.e 3.35 PSIA,Am 53
4Pas 1.425 PSIA,Aw 200

9-00 - - 12.76
H 1.10 CM

600 h a1 ~hgL 11.35
CONVERGING

w700 PAI .50
13z 10'CM

ILI

16:0 - 7.1

4005.66

S300- 4.253

100 - -, - 1.4

0 2 4 0 12

CM X U

Fig. 57 -Gas Pressue Distribution in Flat Tilted Pad Bearing.

This is based on the principle of the Rayleigh step bear-
ing, Figure (53c), where gas is dragged into a slot by a
moving runner. The exit end of the slot has a restrictor
or dam so that the escape of gas from the slot is retarded.

The runner continues to pump
gas into the entrance of the

AM slot due to viscous drag and
as a consequence the pressure

U in the slot builds up and the
bearing has the capacity to
carry load with a gas filmu

PRIESU aPAT1911111separating the surface. Fig. (58).

Fig. 58 - Scbei -ak Represenan of
a Pumping Groove.
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Reasonably high pressures can be generated and since
the surface area on such a pumping plate-thrust bearing
is large, the load-carrying capacity is surprisingly high.

A detailed hydrodynamic theory for the spiral grooved
thrust plate has been worked out by Whipple (37). This
theory includes the types shown in Figure (55a) and (b). He
has shown that for the herringbone thrust plate the pressure
rise developed by the grooving is independent of compressi-
bility effects. For the spiral grooved thrust plate Whipple
indicates that compressibility effects do occur but the ef-
fects are not significant until the pressure rise developed
by the grooves is three or four times the ambient pressure.
For applications in normal atmospheres such limits are not
generally exceeded and as a consequence the solution of the
equations based on an incompressible lubricant may be used.
This may be measured in terms of another form of the compres-
sibility bearing parameter A . For thrust plates A may be de-
scribed as:

A - 6uuj (3)^-h2Pa

where J is the radial dimension of the thrust plate.

The data show that for values of A up to 30 very little
difference is discernable between solutions for incompress-
ible and compressible lubricants as applied to the spiral
grooved pumping plate.

Dr. Boeker (38), reports on a detailed calculation for
a grooved thrust plate of this type having an outside dia-
meter of four inches and an inside diameter of 2.5 inches,
operating in air at atmospheric pressure. With a running
film thickness of 0.0003 inch and a speed of 10,000 RPM and
using the optimized geometry recommended by Whipple, the
average film pressure developed is about 4.6 psi. With an
effective plate area of 7.65 square inches, the load-carry-
ing capacity is calculated to be about 35 pounds.

Whitley and Williams (39) indicate however, that unless
the plates of the thrust bearing are especially rigid, dis-
tortions and deflections of the plates will reduce the esti-
mated load-carrying capacity. Depending upon the degree of
distortion the measured load has ranged from h to 3/4 of the
predicted theoretical load. Other investigators show results
ranging mostly from 3/4 up to the full theoretical value of
load.
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A. Design of Self-Acting, Spiral Grooved Thrust Bearings

A single spiral groove, as shown in Figure (54), will
produce a pressure rise and some load-carrying capacity.
However, if the design is optimized for maximum load-carry-
ing ability a multiplicity of shorter grooves will be in-
dicated. This has been done by Whipple (37).

He concludes that there should be 18 grooves of width
a1 . The land width between grooves is a2. See Figure (59).I

Radius

I I
t-- b ---

Fig. 59 - Optimized Configuration for Spiral-Grooved Pumping Plate. (37).
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Dimension ct is an ungrooved annulus known as the
seal belt. This corresponds to the dam or flow restric-
tor in the Rayleigh step bearing, Figure (58). In this
case, shown in Figure (59), the bearing is considered an
inward pumping surface with the direction of rotation of
the mating thrust plate CCW. If the direction of rota-
tion is reversed and the seal belt located toward the outer
diameter of the thrust plate we would obtain an outward
pumping thrust surface.

In Figure (59):

(6 ) is the depth of the groove
(ht is the film thickness of the bearing mea-

sured between the top of the land and the
thrust face.

Whipple has established that for optimum load-carryingcapacity the following relationships should be satisfied.

6t = 3.05 (47)
h

a1 = 1.8 a2  (48)

b = 0.7 (49)

* = 720

Slight deviations from the optimized parameters are
possible without too significant a change in performance.
For greater variations actual evaluations by testing is
recommended.

Two parameters for the analysis of these optimized
bearings have been deyeloped by Whipple. They are:

T (50)
(b+c) Pa

1 0 u 0Ujb+c)
=. 5 h 2  a
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where the individual variables are described as follows:

T - thrust capacity per inch of mean circum-
ference (lb/in)

u0 - the linear velocity at the mean radius
0 (in/sec)

Values of T and e are given in Table XXII.

TABLE XXII

values of Spiral-Grooved Thrust
Plate Parameters, 0 and r (Ref.37)

_ _ _ _. 0

10 2.62
8 2.25
6 1.78
4 1.26
2 0.70
0 0

3.0---------------

0 - - _ -. 00- --

41

0 1.0 2.0 3.0 460 5.0 6.0 7.0 8.0 9.0 10.0

VALUES of 7i
Fig. 60 - Spiral-Grooved Thrust Plat* Parameters from Table 20. (37).
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Ixamyle 16, To illustrate the design approach established
by Whipple let us determine the load-carrying capacity of.a par-
ticular thrust bearing geometry having an outside diameter of
1.365 inches and an inside diameter of 0.420 inches. Rotor speed
3450 RPM. Rotor weight 0.388 lbs. Magnetic thrust load 0.30 lbs.
Referring to Figure (59),

1.365-0.420-- .2 -- ca+ b - 2 - 0.473"

- - - ~~From Equation (49), 07043 .31

b - 0.7(bV -0.7(0.473) a 0.3311"

or ct - 0.473-0.3311 - 0.142"

Mean radius r - 1 365 -0.420
m ]r + 0.210

1.365- r " 0.446"

Mean Circumference - 2' r.

Mean Circumference - 2' x 0.446

Mean Circumference - 2.80"

With 18 grooves, a I + a2 ' 180

a1 + a 2 " 0.1555"

From Equation (48) 1.8 a 2 - aI

Substituting in above
1.8 a2 + a2 - 0.1555"

2.8 a2  - 0.1555"

a2 - 0.0556"

and a - 0.0999"
1

Now with air having a viscosity of 2.86 x 10 - 9 reys, we will
next evaluate the parameter v. The peripheral speed at the moan
radius is

3450
u o - - x 2w x 0.446 - 161 in/sec.
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Then in Rquation (51).

1.145 h___

S" 1 2.O6x Lo-% 161 X 0,473

1.145 ha x 14.7

U-48 . O0-

h

assume h a 0.0001"

2.98 z l0-9 12.96 x 10-  1
then t (1- 4) 2- 1.290

and from Figure (60) 6 a 0.454

For mali values oft and 0 straight line interpolation may be
made with good accuracy since the plot in Figure (60) is easen-
tially linear for this range of variables. For example.

-- - z 0 7
1.298e 2.0I0 ------------- x - 4- z 1. 9

2.0

SI z-0.454 -0

II

Then from Squation (SO),

I0
T- • (bc t ) P,

T - 0.454 x 0.473 u 14.7

T - 3.16 Th/in.thrust capacity per
inch of mews circmfereac

Total thrust capacity - T x 2 wrm

a 3.16 x 2.60

Ia 6.85 lbs with h - 0.0001*

if this were the applied thrust load, then the groove depthI would be determined by Uquation (47),

a* 3.05 h

i In thia case S* 3.05 x 0.0001

St- 0.0003 inches

I However, it is desirable to develop a more coaplete picture
of the bearing performance. This can be done by assuming different
values br h and coamputing the correspoeding values of V , 0, T andI total thrust capacity, as shown in Table =1II.
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Camouted Values of Thrust Caocitv

h T T
inches 6 lbs/in total lbs.

0.0001 1.296 0.454 3.16 8.65
0.0002 0.3245 0.1137 0.792 2.215
0.0003 0.1443 0.0505 0.353 0.964
0.0004 0.0811 0.0264 0.198 0.554
0.0005 0.0519 0.01815 0.1265 0.354
0.0006 0.0360 0.0126 0.0878 0.246
0.0007 0.0265 0.00926 0.0645 0.1807
0.0000 0.0203 0.0071 0.0495 0.1365
0.0009 0.01603 0.00561 0.0391 0.1095

Figure (61) depicts a plot of the total load-carrying capa-
city of such a thrust bearing. On the SaMs plot is also shown a
superpoeition of two of these curves, back to back, as would be
the case with a double acting thrust bearing having a total clear-
ance (h,. ,) of 0.001 inches. The co:fig'ratiem of such a double
acting " ;Ls 1& m schematically in F! jura (62).

Consider first that we have only a single thrust bearing.
the left hand bearing. with a thrust load of 0.3 pounds the
operating film thickness would be about 0.0005 inches.

with a double acting bearing and the sm internal thrust
load the operating film thickness would be a little less because
the second thrust bearing, while not carrying ay iaternal load,
would nevertheless impose an additional face upon the thrust
face that is already carrying load. The magnitude of this addi-
tional internal thrust load will depend upon the total clearance
designed into the double acting thrust bearing. This is the clear-
ance designated as h + h2 inches. Figure (62). If a bearing is
built with a total cieraene of 0.001 inche as depicted in Figure
(61), then the net load-carrying load-capacity of the left hand
bearing would be given by Table UXV.

Table I
Zoad Capacity of Dauble Actin. Thrust DeaArina

T total T total
h Left brg. Right br . T

inches 1b. lb. let bs.

0.0001 6.65 0.1095 8.74

0.0002 2.215 0.1365 2.076
0.0003 0.964 0.1607 0.6033
0.0004 0.554 0.246 0.308
0.0005 0.354 0.354 0
0.0006 0.246 0.554 -0.308
0.0007 0.1607 0.964 -0.6033
0.0006 0.1305 2.215 -2.076
0.0009 0.1095 6.65 -8.74

Thees values are show in Figure (63).

it should be noted that when the runer is centered in the
double acting thrust bearing, comrepondIng to the case of hl- h 2
in Fivu" (62), the loed-cmpacity of the thrust bering is seo
as illustrated on Figure (63) for a film thickness of 0.0005 inche.

if there is a thrust force of 0.3 pounds ating to the left.
in rigure (63), the film thiknese for the double acting thrust bear-
ing is 0.0004 inches. For the single acting thrust bearing with the
ane majnitude of load the film thickness meuld be 0.0005 inches. as

was pointed out previously in conlunction with figure (61).
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10. 10.

9.0 - - t
t~o G.tO

7 .0_ 4 -, 7,A,•0.0, .0
m 'a

t 0 O .0

,Ig. 6 .0 Tp 1 .0 1.0

FIL THCNES AET HAN BERN (NHS

.001 .0001 .0006 .0004 .0002
FILM THICKNESS, NiSIT HAND 0EARINS (INES)

Fig. 61 -Thrust Bearing Capacity of a Single Bearing and Also of a Double Acting
Bearing with a Total Clearance of 0.001 Inches.

hj /

F/A

ZI~hrutU
Fig. 62 - Schematic Diagram of Double Acting Thrust Bearing.
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1.0
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I - 3.0 5
- 4

DIRECTION
OF THRUST 5.0

LOAD 0:6.0 z

7.0 w

I 8.0

9.0

I 10

Fig. 63 - Thrust Load Characteristics of Double Acting Bearing With Total
Clearance of 0.001 Inches.
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Film Stiffness in Spiral Grooved Thrust Bearings

Where the dynamics of the thrust bearing-rotor
assembly must be considered, it is necessary to evaluate
the stiffness of the gas film in the bearing. This stiff-
ness is defined as the rate of change of thrust capacity
with respect to change in film thickness or dT/dh, where T
is the thrust load in pounds and h is the film thickness in
inches. The units of dT/dh are lbs/in. so that we are deal-
ing with the property of the gas film that behaves like a
spring. This characteristic was evaluated earlier for the
journal bearing when synchronous whirl in its various forms
was investigated.

Referring back to Example 14 and Figure (61), with a
thrust load of 0.3 pounds the expected film thickness will
be 0.0005 inches. If we draw a tangent to the load-film
thickness curve at h - 0.0005 inches, the slope of the curve
will be a quasi-static version of the film stiffness which
should be satisfactory for the determination of the dynamic
characteristics of the system in the axial direction. For
example, the slope of the tangent in Figure (61) at h -
0.0005 in. is41.15-0.354. 0.796

0.0005 0.0005

therefore 0.796
k = 0.0005 = 1592 lbs/in.

The natural frequency of axial vibration can then be
estimated, knowing that weight of the rotor is 0.388 lbs.,4by using Equation (20) after substituting the appropriate
terms.

Thus, f =1 0.3 6
2w 0.388

f - 200 cycles/sec. (axial natural
frequency for single-acting bearing)

Now consider the double-acting thrust bearing for the
same loading and mass condition. A tangent will be drawn
to the curve at a film thickness of 0.0004 inches. The slope
of this tangent becomes

1.17 - 3400 lbs./in.

0.0005

1
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It becomes evident that the effect of the additional
thrust bearing in to apply what might be termed a "preload"
to the unit and in this way make the film stiffer and thus
raise the natural frequency of vibration of the rotor sys-
tem.

It follows then that:

f"2,v  0.388

f " 292 cycles/sec.(axial natural fre-
quency for double-acting thrust bearing.)

Using a total clearance less than 0.001 inch would in-
creese the magnitude of the "preload" and thus raise the
natural frequency of vibration.

The most complete collection of references on all
phases of gas-lubricated analysis and design is Ref. (40),
which contains 464 abstracts of papers in this field.
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IV. BEARING LOADS

The determination of bearing loads is an important
aspect of gas bearing design. The rotating mass load and
mass unbalance load are readily attainable by calculation.
However, it is also necessary to consider radial loads pro-
duced by the motor itself. Of primary concern is the mag-
netic force produced by an eccentric air gap between the
motor stator and the motor rotor.

A. Magnetic Radial Bearing Loads

The three most common types of eccentricity occuring in
the fabrication of the motor are:

a. Displacement of the motor stator centerline from
the motor rotor centerline.

b. Rotation of the motor rotor around a center other
than its geometrical center.

c. A combination of (a) and (b).

II I S

Cal SSSPLMSII Im dUn (ll1 U UIIAYISUml d1 Let ad(S

mmauuin Puein Wd11.Oqmll111UlllC911er

mom mr

Fig. 64 - Moo tto to Rotor Enrcit.
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In either of the three cases depicted in Figure (64)
the eccentricity produces an unequal air gap between the
motor stator and rotor which results in a magnetic radial
force. This force is due to an unbalance in the radial
direction of the linking of flux lines in the motor gap
region. In the case of a two pole motor, the flux lines
link the stator north and south poles through the rotor and
the stator as shown on Figure (65). The magnetic field ro-
tates at a frequency equal to line frequency. At the in-
stant of time when the stator poles are in position (65a)
there is equal linking of the flux lines through the rotor
and no radial forces exist. As the field rotates to posi-
tion (65b), due to the eccentric rotor condition, there is
an unbalance of flux lines through the rotor producing un-
balanced radial magnetic force in the direction indicated by
the vector F. The force drops to zero with an additional 900
rotation of the field (65c) and peaks to a maximum again at
2700 total rotation (65d). It can be seen, therefore, that
the magnetic radial force is a sinusoidal directional force
acting at the minimum motor air gap region at a frequency
twice line frequency. The magnitude of the force is a func-
tion of the eccentricity and can be described analytically as:

F = 17.42 x (loB02o X D x 1x a (52)

sump STATOR STATVOM 5T

F

SSITOR O* rSTATOR 180 STATOR 2?00 STATOR
IF.LD ROTATION FIELD NOTATION FIELD ROTATION FIELD NOTATION

Fig. 65 - Flux Lines Linking Motor Rotor and Stator for Angular Positionsf
Stator Magnetc Field.
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where F = Force (peak value)-lbs.

IB = Flux Density -lines per sq.in.

I D - Rotor Diameter - inch.

Im = Rotor Stack Length - inch

a = . 1 2-Y2 (53)

2y 21-y2

Y = eccentricity(eccentricity - 2 x distance

between rotor and stator
centers) (54)

= Average motor radial air gap - inch.

The force described by this formula is a peak value vary-
ing from zero to a maximum sinusoidally. The average force
acting on the rotor is one half the peak value (F/2).

If the case of Figure (64b) is considered, i.e. the
rotor rotating about a center other than it's geometrical
center, then the location of minimum air gap rotates about
the stator at rotor rotational frequency. In an induction
motor the rotor rotates at a frequency less than the stator
field rotational frequency. The difference between stator
and rotor frequencies is the slip frequency of the motor.
As seen on Figure (65), the radial magnetic force occurs
when the stator poles are at right angles to the point of
minimum motor air gap. This point of minimum motor air gap
is rotating at slip frequency in relation to the stator field
rotation, and therefore the radial magnetic force rotates at
slip frequency.

The most common type of eccentricity encountered in
electrical motors is a combination of both displaced rotor
and stator centerlines and rotation of the rotor about a
center other than its geometrical center. The resultant force
varies in magnitude at slip frequencies from a maximum when
both eccentricity effects are additive to a minimum when
both effects are subtractive.

I
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The significance of these forces can be shown in the
following exmiple for a 2 pole. 60 cycle induction motor:

Motor Length (L) - 1.250 inch
Motor Diameter (D) - 0.923 inch
Fluz Density (B) - 25,000 lines per inch
Average Motor Air Gap (A) - .0075 inch
Zecentricity due to nisalignt of rotor and
stator centerlines - .001 TIN (inch)
Runout of Rotor O.D. to bore - .0005 Tin (inch)
Total Eccentricity = 0.001 * 0.00S 0.0015

Fron lo 17s

0 so ni 033 =n
*ms(. - 0033 am.

ltuom

Vm - 0.793 - --)

Avq j~. )0.3W7 jondf

Irai 0.26.1 POM

0.131 p

Vmere ta therefore Is h' the dixon ad Saime m8

a ir 9op ornaue at in0 cyle per Seemd an pzetift at on saw-
ag faoe loel ad 0.397 pmoife amMSm MI 0.131 ponds
at SUlip frequc e the t.
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Bearing Mome1 Leads

another conditiou that can be encountered in
elctrical motor&~ is the noo-parallelim of the stator
and roto moet-limes.. As showa am Figure (66), this can-
ditiotm creates am eccentric- &ir gap at mne and of the
rotor IS1W degree out of pihase with the eccentricity at
the other end of the rotor,, thus producing a. mmnt on. the
rotor. LAcam be-seem from Equation 52, the magnetic

force. dUe to motor air gap ecceni-
tricity varies directly wity bothIthe, rotor length. mid the prmtrc
For l1ow~ eccentricities,, at Leoot

- - hel1ow~ .004 inch TIfl,,ar cam be as-

eccatricity. Table I presents
the Magoeti farce misua eccem-
tricity- for Mmpe 15 and +ndi-
cates; vey slight de'iatioa f

Mmusno Paimdc lot a straight ln reLationshipr be-
IN~IftIIml owl=t olad twin force. md ecetiiyto
SikMi CavfdWMs eccentricities of .004 inches-.

motor- Air cap mgmtic FOSce( T..IA.. ((n)) (()) Founds

.am'sI
AWl .52632

.QG'ls .793W0
am02 1.0657

:003 31.6354
.0042.2630,

ththte mnmantic force vax-Las directlIy
Witk ratr Unth ad ecentrci m Figure (67)Y, the

average mrwtricity frini ((a) to (by is rm=,/2. The force
(PO, at amt end of th, rotor tharef re is t

Fb - 7.42 J35, j 2 x D B x
quo, m) 2 4
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The location of this force is two thirds the distance
from (a) to (d) or 2/3 x lm/ 2 - 1r/3.

The force F is a peak to peak value. Therefore the
average force = 1/2 x F/4 = F/8. The total moment be-
comes

Fl
Moment (in.lbs) = F/8 x 2/3 m =- 'm

12where F = Force at max. eccentricity (Ibs)

Fig. 67 - Magnetic Force Producing Moment Diagram.
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